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Abstract

Dynamics of inherently stochastic, spatially inhomogeneous systems is often modelled by Reaction
Diffusion Master Equation (RDME). This technique, though widely used in applications, has two
major restrictions: the existence of a lower bound on the lattice size, down to which the algorithm
produces physically accurate results, and high computational intensity of the Stochastic Simulation
Algorithm (SSA) which is used to simulate RDME. To overcome the former, different approximations
of mesoscopic reactions rates and a convergent version of RDME have been developed, and the latter
issue gave rise to multi-scale stochastic simulations represented mostly by hybrid methods. However,
due to this multi-scale nature, the cost for higher efficiency of hybrid methods is their lower accuracy.
As an alternative to them, this work proposes an adaptive mesh algorithm based on a convergent
RDME that allows adjustment of inhomogeneity regions where condition of the system being well-
mixed is satisfied. An example of a hybrid algorithm and adaptive mesh one are compared on the
example of Non-Local Fisher Kolmogorov stochastic system to test their accuracy and numerical
efficiency. The conclusion obtained is that, although Hybrid algorithm is the most computationally
efficient out of the considered three methods, Adaptive Mesh method provides more accurate results
than the Hybrid algorithm, while is still considerably less computationally intensive than exact

stochastic simulation methods.
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Chapter 1

Introduction

1.1 Motivation

Stochastic systems are widely used alternatives to deterministic approach when the usage of
the latter cannot be justified due to the low copy number of molecules presented in the system.
Although we refer here to agents in the systems as molecules, application of stochastic simulations
goes beyond biochemistry as far as to biology, ecology, social sciences, economics and many other
fields. To mention just few applications, stochastic modelling is very often applied to gene expression

like it was done in [1], [2], cellular dynamics [3], [4], biochemistry [5] and pattern formation [6].

Depending on the number of molecules stochastic simulations can be carried out on three differ-
ent scales: micro-, heterogeneous meso- and homogeneous macroscale. At the microscale molecules
are individually resolved and their positions are continuously tracked down using fixed system of
coordinates in the domain of interest. Chemical reactions happen when certain conditions are satis-
fied. Unimolecular reactions are event-driven, governed only by a specified probability distribution.
Regarding bimolecular reactions, there exist two different interpretations. In the Smoluchowski
interpretation, molecules are assumed to be hard spheres of a fixed radius that undergo random
Brownian motion and can react with each other upon a collision with some probability (if proba-
bility is equal to 1 we call it pure absorption; when it’s less than 1, the absorption is partial). A
collision between two molecules occurs when the separation distance between two molecules is ex-
actly equal to the reaction radius. The second model is due to Doi. It assumes molecules to be point

particles and that there exists a certain reaction radius. When the separation between 2 molecules
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is less than this reaction radius, molecules can react with a certain probability. The choice of using

Smoluchowski or Doi approach is usually based on the physical properties of the modelled system.

When we consider larger number of molecules, it becomes difficult and unfeasible to track down
trajectory of each single particle, and the description should be changed to the mesoscale, where we
assume that the domain can be partitioned into a finite number of non-overlapping compartments
or voxels in such a way that the spatial inhomogeneities are well captured. Thus, the position of
each molecule is known up to the voxel size to which it belongs, and molecules within the same voxel
are considered indistinguishable. In every voxel, system is assumed to be dilute and well-mixed.
Diffusion of molecules is modelled as continuous time random walk between voxels and biochemical
reactions happen within each compartment independently. New reaction rates allowing accurate
simulation down to some lower bound for the lattice size can be derived by matching some mean
statistics on micro- and mesoscales. Because of its properties this approach is known as Reaction

Diffusion Master Equation (RDME).

A disadvantage of RDME is that it does not converge to its microscopic description in dimensions
greater than one for lattice sizes less than the aforementioned lower bound with the system capacity
being constant [7], even though a meaningful stochastic PDE exists in this limit [8]. The reason for
this is that as the lattice size tends to zero, the waiting time for bimolecular reaction to occur tends
to infinity, and the accuracy deteriorates as a consequence of mesh refinement. Therefore, mesh
size must be taken much greater than the reaction radius between molecules. As a solution to this
problem, a convergent RDME algorithm has been created [9], as well as the modifications to the

reaction rates [10], [11].

Simulation of RDME requires less computational power than molecular-based simulation algo-
rithms, but when the number of molecules becomes high enough to consider the whole domain
as spatially homogeneous, a mean-field macroscopic description can be used. It is usually repre-
sented by reaction diffusion partial differential equation which allows to use all PDEs fast numerical

techniques to simulate it.
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When it comes to simulations of real systems, the amplitude of fluctuations differs between of the
domain of interest, due to inhomogeneities in the number of molecules. So describing it only on
one scale would be either computationally intensive, beyond any reasonable logic, or very inaccurate
for the parts with low molecules level. Multi-scale hybrid methods solve this problem. The general
idea behind them is dividing the domain into possibly overlapping subdomains where a certain scale
description is valid. In each of the subdomains the system is simulated independently in accordance
with its scale and then the descriptions are connected to each other by means of coupling algorithms.
This significantly reduces the simulation time. However, the price is to be paid in the lower accuracy

of simulations.

In this work we aim to formulate an alternative approach to hybrid algorithms that is still efficient
enough, but provides higher accuracy. We shall adopt the idea of adaptive mesh used for simulations

of PDEs but apply it to the mesoscale. Section 1.3 will describe the general idea in more detail.

1.2 State of the Art

Driven by the development of new simulation methods, the field of stochastic simulations has
experienced a huge leap forward in recent years. We shall briefly outline just few of them that we
found most closely related to the ideas presented in this work. A brief overview of hybrid methods
could be also found, for example, in the introduction of [12]. Couple of different things should be
mentioned here separately, namely the convergent RDME algorithm by Samuel A. Isaacson [9] and
hybrid algorithms. As regards the adaptive mesh techniques, to our knowledge, there exists only

one work [13], developed for RDME on adaptive meshes. It is reviewed in Subsection 1.2.3.

1.2.1 Convergent RDME

The justification of all stochastic simulation methods is based on the hypothesis of existence of a
propensity function a(z), where z is the number of molecules of reactant X. The probability for a
reaction to fire in the time interval [¢,¢ + dt) if X (¢) = x is then given by a(z)dt. For a well-stirred
system this propensity function is a function of the number of molecules of reactants involved into

the reaction present in the system. However, when the condition of the system being well-mixed
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is not satisfied, the same approach might lead to incorrect results. Therefore, voxels size must be

taken large enough to ensure this condition.

To develop a convergent SSA, roughly speaking, there are 2 techniques. One based on the idea of
modifying reactions rates, the other, on the modifying the algorithm itself. [11] is an early example
of the former. Two different SSAs were considered there: an on-lattice RDME, and a molecule-based
off-lattice one for reactions of type A+ B — C or A+ A — (. The authors showed that these
SSAs can give incorrect results when mesh size is taken smaller than a derived lower bound. As a
solution, modified reaction rates were proposed that according to the numerical simulations showed

better results.

In work [10], a general reversible reaction of type A + B = C was considered. The authors
extended the general approach of simulating RDME by allowing bimolecular reactions to happen
between neighbouring voxels. To separate bimolecular reactions happening within the same voxel
and between 2 neighbouring ones, an additional parameter was introduced and then by matching
mean binding-rebinding times for micro- and mesoscales, the authors derived corresponding reaction
rates for the Smoluchowski interaction model in 2D and 3D. When a bimolecular reaction happens, its
product is placed in the centre of mass between the 2 reacted molecules, while dissociation product is
simply put in the same voxel with the probability of 1. As a result, obtained dissociation/association
rates allow RDME to be accurate for a smaller lower mesh size bound. The new lower bound is of

the order of the interaction radius.

A very different and more general approach was proposed in [9]. The proposed convergent RDME
(cRDME) is an approximation of the Doi interaction model for the reaction of type A + B — C.
A noticeable difference of this algorithm is that here bimolecular reactions are allowed to happen
not only with neighbouring voxels (ones that share a common edge/facet) but with any voxel (even
diagonal ones) that lay within the reaction radius. The corresponding reaction rates then obtained
from a finite volume discretisation for the spatially continuous stochastic reaction diffusion model.
For large mesh sizes cRDME was shown to coincide with the classical RDME, thus, only extending

the existing approach and not invalidating it.
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1.2.2 Hybrid Algorithms

Compartment-PDE Hybrid Algorithm

The hybrid algorithm developed in this work will be partially an extension of the compartment-
PDE hybrid algorithm presented in [14]. Thus, it would be worth explaining its original idea in
more detail.

This is a two regime hybrid algorithm coupling

together compartment-based model and partial dif- , ,
ferential equation representation. A domain Q C R

(see Figure 1.1) is split into two overlapped subdo-

mains = Q. U €2, with mesoscale RDME descrip-

tion valid everywhere in €2, and macroscopic descrip-

tion - in Q,. In the overlap region Q. NQ, = [Iy, I1] } Q

both descriptions are valid and Iy, I; are the two Figure 1.1: Illustration of domain splitting
from [14]. Compartment-based domain 2.
and PDE-based ), are overlapping in the re-
gion [Io, I1].

interfaces. Coupling of the two regimes is achieved
by specifying appropriate boundary conditions at the
interfaces. If we assume, without loss of generality, that the compartmental domain lies on the left,
as it was done in [14], then on the interface Iy a Dirichlet boundary condition, as a mean density in
the overlap region of two compartments at either side of the interface I, is prescribed for the PDE.
On the interface I, a condition should be prescribed for the compartment-based model. This is
done by interpolating the flux coming from the deterministic domain and going out of the stochastic
domain using the deterministic density. This approach could be interpreted as imposing Neumann
boundary condition on the compartmental model. With such boundary conditions, the flux was
proven to be continuous across the interfaces. Another justification was made comparing mean,
variances and wave speed propagation for hybrid and fully stochastic algorithm during numerical

simulations.

A further improvement was made introducing an adaptive interface that is moved when both

deterministic and stochastic densities leading front interface are less (the interface is moved backward
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extending stochastic domain €).) and greater (the interface is moved forward expanding (2,) than
certain threshold.
It was also noted that for the hybrid algorithm to be accurate, the stochastic domain should

contain the entire wave front. That can provide with the correct density level threshold.

Three Regime Hybrid Algorithm A different approach, proposed in [15], aims at the simulation
of stochastic systems with the diffusion operating on the short time scale. In this case frequent

diffusion events can lead to system stiffness, making exact SSAs highly inefficient.

On the mesoscale RDME can be generally represented by chemical master equation w =
Dp(x,t) + Mp(x,t), where p(x,t) is the probability to find the system in the state x at the time

moment ¢, D represents the diffusion operator and M - the reaction kinetics.

The two-dimensional domain is covered by an unstructured
primal mesh. Figure 1.2 shows an example of triangular mesh.
Mesh points, referred as degrees of freedom (DoFs) (i, j, k in
Figure 1.2), are points for finite volume discretisation of the
mean-field PDE. The dual mesh partitions the domain into
subvolumes used for SSA and 7-leap method (shaded region

labeled with S; in Figure 1.2). At each time step all DoF's are

split into 3 different sets. Diffusion in each set is advanced ac-

Figure 1.2: Illustration of primal

mesh with i, j, k - degrees of free-

rithm or exact SSA presented by the Next Subvolume (NSV) dom (DoFs) and dual mesh form-
ing subvolumes (S;) for SSA and

method [16]. Splitting of the domain is done automatically 7-leap algorithm in [15]

cordingly to either macroscopic description PDE, 7-leap algo-

based on the derived error estimates from 7-leap and Euler fi-

nite difference approximation for macroscopic description. Then, from the set of 7-leap description,
DoFs with high probability of becoming negative are removed to the set of SSA. Operator splitting
is done using the Strang splitting scheme. As the result the diffusion operator can be represented as
D =D, + D, +Dgsa- All kinetic reactions in M are advanced using NSV method. The algorithm

was implemented for both structured Cartesian and unstructured meshes. For both of them the
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global resulting error is of the order of O(At).

On- & Off-lattice Hybrid Algorithm An elegant, mathematically justified, algorithm for cou-
pling molecular-based (Brownian dynamics) and a compartment-based approach was developed in
[17]. This approach, contrary to previously discussed algorithms, is more suitable for describing
agents dynamics on cellular/sub-cellular level when there are parts of the domain where microscopic

high resolution is desired.

The domain is split into two non-overlapping regions ) = Q¢ U Q) with a single interface on
their boundary given by I = 9Q¢ N 00y (see Figure 1.3). Compartment-based model, given by
either time- or event-driven algorithm, is used to update dynamics in (¢, whereas time-driven
molecular-based tracking of particles trajectories is performed in Q.

To couple the two regimes several techniques are

employed. For all the compartments adjacent to the

interface I there is a modified propensity function

providing time intervals at which a molecule migrates

from Q¢ to Qpr. Once such an event occurs, a new

position for a particle is given by a probability den-

sity function derived in [17]. Likewise, molecules mi-

grating to ()¢ are taken into account by the means of

a probability function depending on its previous and Qc | o
new position when a molecule moves within ;. All

Figure 1.3: Illustration of domain split-
the mentioned probability distributions and modified  ting in [17]. Q¢ is compartment-based, Qpr -

molecular-based, I = 0Qc N Oy is the sep-

propensity functions are strongly connected to each arating interface.

other and were mathematically derived to ensure the

flux to be consistent across the interface I.

An apparent disadvantage of the algorithm is that the interface is fixed since the beginning of the
simulation and is not moved during it. Likewise, possible conditions for it’s correct placement were

not discussed what makes the usage of the algorithm a bit restrictive. The fixed interface placement
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might be reasonable in case of existence of special locations in the domain where the microscopic high
resolution is needed and these locations do not change their area/position over time. An example,

could be the regions close to the membrane, mentioned in the paper.

Micro-Macroscale Hybrid Algorithm The algorithms presented in [18] are two regime hybrid
algorithms coupling molecular-based model with macroscopic PDE description and are referred by

authors as PDE-assisted Brownian Dynamics.

In the first algorithm, the domain is split in two parts with empty intersection, whereas an overlap
region is introduced in the second one, where both descriptions are valid. On the microscopic scale
the system dynamics is advanced by the discretised version of the overdamped Langevin equation.
In the macroscopic domain the governing equation is the reaction diffusion PDE. Coupling of two
regimes is done by matching two statistics: the means and the variances, providing with formulae
for flux approximations changing the subdomain. For a particle coming from macro-description
this flux is interpreted as the number of molecules that crossed the interface, with the fractional
part interpreted as the probability for a particle to jump over the interface. Then positions of the
newly added particles are randomly simulated in the vicinity of the interface. If, instead, a particle
in accordance of its Langevin equation crossed the interface during the time step and entered the
deterministic domain, the corresponding flux is added to the PDE-represented concentration next
to the interface. These techniques allow the spatio-temporal concentration to be continuous across

the interface (interfaces).

Several numerical experiments showed that the algorithm without the overlap region does not
provide good matching for variances, whereas the second one, with non-empty domain intersection,

showed good agreement with the theoretical results.

Although the algorithms are easy in implementation, due to coupling of microscopic and macro-
scopic description, skipping the intermediate mesoscale, it might be difficult to find an appropriate

application for them.



1.2. STATE OF THE ART

Meso-Macroscopic Hybrid Algorithm on Unstructured Meshes Most hybrid algorithms,

including on-lattice methods, are based on uniform meshes.

However, for applications to some

problems with complex geometries unstructured meshes are more beneficial. One example of such a

work is [19], presenting a hybrid mesoscopic-macroscopic algorithm developed with the purpose of

application it to biochemical stochastic simulations on domains with curved boundaries.

The domain is considered to be partitioned into triangles in 2D and tetrahedra in 3D. The chemical

species are split into two groups of fast and slow diffusion, respectively. The diffusion operator is also

split into two parts according to Strang, with the slow part (chemical reactions included) advanced by

a SSA and the fast diffusion - by the macroscopic reaction-diffusion PDE. The diffusion coefficients

for RDME are derived from the finite elements discretisation of the macroscopic Laplace operator,

to match the first exit times for Brownian dynamics in It6 interpretation and the diffusion PDE.

1.2.3 RDME with Adaptive Mesh Refinement

The method formulated in [13] is the only work on stochastic simulations on the mesoscale with

adaptive mesh refinement, known to us. The authors proposed an algorithm for mesh adaptation

for mesoscopic simulations of stochastic reaction-diffusion systems in 2D.

The mesh is assumed to consist of square
elements, with the coarsest element width
and maximum level of refinement being a
priori specified. For the stochastic simula-
tions on the mesoscale, scaling of propensi-
ties must be appropriately specified in such
a way that the resulting RDME converges
to the reaction-diffusion equation on the
macroscale. Since the mesh is non-uniform,
the diffusion propensities are firstly derived,
using the law of conservation of mass, Fick’s
law and Taylor expansions of the concentra-

tion function to approximate flux across the

D = o
| v ava
pZa v -
gz c=s
A
i
7
%
T
A
i
7
i
/ /}
yd
74
& & g e & &
] v (o'} +Nt")
¢ & ¢ a & &

Figure 1.4: Gaussian distribution N(,Q)
with shaded areas corresponding to
erf (C/\/g) for C = 1,2,3 used as
sensitivity parameter in [13].
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interfaces with voxels of different sizes. The propensities for chemical reactions are computed in the

usual way.

The adaptivity algorithm is as follows. It is based on the gradient level between voxels which is
always computed on the coarsest mesh every predetermined number of iterations. To ensure that the
difference in molecule number between voxels is not due to just fluctuations, an element is refined
only if the difference between two neighbours is greater than the expected system fluctuations,
controlled by a sensitivity parameter C. If the carrying capacity of the system is denoted by
and the system is at equilibrium, its fluctuations around the mean value €2 can be approximated by
gaussian distribution A'(Q, Q). Error function, erf (C / \/5), provides the probability of fluctuations
to stay within the interval Q¢ = [Q -V, Q+C \/ﬁ} In Figure 1.4 shaded regions correspond
to Prob{U € Q¢} for different values of C' (for example, Prob{U € Q3} = 0.997). Taking greater
value of C reduces the probability that change in the number of molecules is due to wave propagation

and not to fluctuations.

During the refinement, for the elements that did not exist before stochastic interpolation is used
and new values are sampled from the multinomial distribution with weights for interpolation deter-

mined from the molecule levels in the neighbouring voxels.

The algorithm provides a general framework for stochastic simulations of reaction-diffusion systems
for multiple species. However, for some systems with small fluctuations, the adaptivity criteria might
be inappropriate and lead to unnecessary mesh refinement and consecutive loss of computational
resources. In [13] the method was tested for the Fisher-Kolmogorov system and pattern formation

in Gray-Scott model, where it performed well.

1.3 Problem Outline

The idea of this work is to try an alternative approach to hybrid methods, using the concept of
adaptive mesh. The reasoning behind it is the following. Convergent RDME algorithms can make
mesoscopic description accurate even for the mesh size tending to 0, so there is no need in using

more computationally intensive Brownian dynamics. Therefore, the scale of our interest will be the
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mesoscopic one. However, since simulations of the RDME scale poorly with the number of voxels,
we would like to propose a method that reduces simulation time while preserving accuracy, without
the intrinsic difficulties associated to hybrid methods. To do so, we shall adopt the idea of adaptive
mesh and use finer resolution only when it is needed to capture well all inhomogeneities, remeshing

the domain only when it is possible to reduce the number of compartments.

As an application example we shall use the stochastic Fisher Kolmogorov system. In contrast
to previous works, we construct a convergent RDME, where we introduce a non-local behaviour in
its bimolecular annihilation reactions and derive corresponding mean-field limit represented by an

integral partial differential equation (IPDE).

We first construct a hybrid algorithm that would allow us to capture the non-local behaviour
associated to the convergent RDME. Instead of using the SSA, we shall use a more efficient Next
Subvolume (NSV) algorithm. We proceed further by formulating a possible algorithm for an adaptive
mesh, based on the same convergent RDME.

Thus, with 2 different algorithms available, we shall compare them using accuracy and compu-

tational efficiency as two major criteria.

1.4 Organisation of the Thesis

We proceed by describing the dynamics of the stochastic Non-Local Fisher-Kolmogorov equation
with the corresponding mean-field IPDE in Chapter 2. In the following Chapter 3 we develop a
two regime hybrid algorithm, allowing to deal with non-local behaviour of the simulated system,
and carry out typical numerical simulations. As an alternative, we present a stochastic simulation
algorithm on an adaptive mesh in Chapter 4. Chapter 5 is devoted to a comparative analysis of
performance and accuracy of the methods, to understand merits and flaws of the two approaches.
Chapter 6 concludes and outlines future work.

All notations and abbreviations of this work are listed in the preface section Notations and

Symbols.
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Chapter 2

Non-Local Fisher Kolmogorov Equation

In general, the stochastic Fisher Kolmogorov (sFK) system is described by two processes, corre-

sponding to branching and binary annihilation

A 924

24 & ¢

where A and Ji characterise mesoscopic birth and annihilation rates, respectively. Let N(t) denote the
total number of molecules present in the system. It is clear that starting with some positive initial
condition Ny = N(¢ = 0), the system equilibrates when the population reaches the carrying capacity
of the system given by the ratio of the macroscopic reaction rates K = */ u - Relation between
mesoscopic and macroscopic reaction rates will be discussed later in this Chapter, in Section 2.1. If

the spatial distribution of molecules is also important, diffusion is incorporated into the system.

Birth reactions are of first order and do not pose any convergence issues. On the contrary,
annihilation reactions, being of second order, require special care. Firstly, when modelled using the
RDME approach, an appropriate scaling of the annihilation coefficient u, with both the system size
and lattice spacing [12], is necessary. Secondly, the RDME is such that, in dimensions greater than
one, bimolecular reactions are lost when lattice size tends to 0 (see Chapter 1, Section 1.1). Since we
would like to develop a convergent RDME (cRDME), we shall adopt the method introduced in [9]

for our particular problem of FK system allowing molecules to interact with neighbouring voxels of



2.1. MESOSCOPIC REACTION RATES

13

any order as long as they are within the reaction radius. This will lead to a macroscopic mean-field

limit that differs from the standard FK PDE by included non-locality.

Diffusion of molecules will be modelled in the standard way as continuous time unbiased random

walk between neighbouring voxels. The domain is considered to be closed, so no-flux boundary

conditions are imposed on the system.

A general illustration of the reactions is shown in Fig-
ure 2.1.

Now we proceed with a more rigorous description of the
reaction rates and derivation of the macroscopic, mean-field

limit description.

2.1 Mesoscopic Reaction Rates

Consider the domain ©Q = [[,I] C R. We partition
into 2K equal voxels or compartments of size h = % Then
a voxel k is given by an interval vy = [(k — 1)h, kh], k=
—K +1,K. We denote by N(k) the number of particles
in the voxel k. Molecules in each voxel are assumed to be
well-mixed and identical.

Let us denote by N = (N(—=K+1) ... N(K)) the current
state of the system with respect to each voxel. The dynamics
of the system within the RDME framework can be described

by a Master Equation of the form

dP(N, 1)

a) 5;_, ,,E,
;NN\
{an h @ h (a0

) j -
O, S (4

Ra \.ﬁ_:f::r; 9
//

@

Figure 2.1: Illustration of reactions
in the sFK system with non-local be-
haviour. a) Diffusion b) Birth ¢) An-
nihilation

X - birth rate, i - annihilation rate, D
- diffusion coefficient, R, is the reac-
tion radius, h - vozel size.

a Z (TN\NP(N’t) - TNlNP(N»t)>

N

where the transition probabilities should be properly specified.

Throughout this work, all parameters with bars correspond to stochastic mesoscopic reaction

rates, whereas the same parameters but without bars are macroscopic mean-field rates associated

with the same reactions.
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Diffusion Random movement of molecules between voxels can be described by the following tran-
sitions

T N(k)—1,N (k£1)+1|N (k),N (k1) = DN (k)

For the voxels on the border, i.e. k € {—K 41, K}, jumps are possible only towards the interior
of the domain due to the no-flux boundary conditions. D is the scaled diffusion coefficient equal to

2,1—1;’ for the inner voxels and h% for the ones on the boarder.

Birth When a new molecule appears, it is placed in the same voxel as its parent molecule. The

associated transition rate is

T Nk)+1|N (k) = AN (k)

with A = \.

Annihilation In order to account for this non-linear processes, we follow the Doi’s approach
with the idea of partial absorption (see Chapter 1, Section 1.1). To be more precise, we claim
that the annihilation occurs at some rate only if the distance between the molecules is less than
the prescribed radius R,. Since we only know the positions of the molecules up to voxel size, we
say that the molecules from voxels k and m might annihilate with rate @ p(k,m) if and only if
vm N Br, (k) # 0, where Bg, (k) = Bg, (k) N Q and Bg, (k) is one dimensional sphere of radius R,
centred in the midpoint of voxel k, i.e. Br, (k) ={z € Rs.t. [(k—0.5)h —z| < Ry}.

_ [vmNBR, (k)]

The reaction ratio, as we shall call it, p(k,m) = o] can be interpreted as a probability

of the voxels k and m to interact if they are only partially covered by the reaction set of each other.

In the 1D case, we can write down the following explicit formula for p(k, m)

max [0, min (m — (k — 0.5) + = 1)]  if m <k
_ [vm N Bg, (k)|

p(k,m) = T om] = { min (21;“,1) if m=k (2.1)

max[O,min(k—i—Ob—&—%—m,l)] if m>k

Remark. Notice the symmetry of the reaction ratio p(k,m) = p(m, k).
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7i is the scaled annihilation rate equal to i = 5£% for m # k. The factor of ! /5 is due to the fact
that annihilation reactions are symmetric, so for a pair of voxels k and m the total rate is equal to
27i(k, m) where this factor comes into play to cancel the additional 2. If m = k, i = ;. Therefore,

we obtain a voxel-dependent rate coefficient p(k,m) =7 p(k,m) .

Likewise, the probability to choose two voxels should be properly specified. There is no unique
prescription for this quantity, but any sensible choice should eventually lead to approximately the
same dynamics, since the reaction radius is supposed to be much smaller than the domain length. For
example, the probability distribution could be given by a truncated gaussian distribution dependent
on the separation distance between voxels. In our case, we do not aim to capture accurately dynamics
of some particular biochemical system, so we are free to choose the simplest option - the uniform
distribution. Thus, the probability for an annihilation reaction between two voxels within the
reaction radius to happen is equal to "/, since the reaction is possible on the both sides of the

voxel.

According to the Law of Mass Action, the resulting rate should be multiplied the number of
all possible combinations of interacted molecules. In case of distinct voxels it is simply the product
N (k)N (m), while within a single voxel the number of distinct combinations is 3 N (k)(N (k)—1). Now
we notice that the factor of 1 /5 absent for reactions whithin a single voxel in the scaled annihilation

rate fi, appeared in the number of molecule combinations. Thus, we summarise

p N(k)N(m) it m £k
T N(k)—=1, N(m)—1|N(k), N(m) = mp(kam) N 1)
e N(K)(N(k)—1 if m=k

Remark. Note that in case two voxels are not within the reaction radius, i.e. v, N Bg, (k) = 0,

p(k,m) = 0 and, consequently, the transition rate is equal to zero.

Let a shift operator of an arbitrary function f be defined as

EFN(=K +1),...,N(k),...,N(K)) = f(N(=K +1),...,N(k) +r,...,N(K)).
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Then the final convergent Reaction Diffusion Master Equation is

dP(N, _
% = Y (k&R = DT N@ 1N m) 41N GR) N (m) PN, )
kym=k1

diffusion

+ Z DT Ny+1nv PN, T)

birth

+Z & emt = DT N(ky—1,N (m)—1 N (), N (m) PN, ) .

annihilation

Equation 2.2 with all the transition rates specified above represents the cRDME for sFK system.
The limit case as h — 0, with the system size fixed, here makes perfect sense, bimolecular reactions

will not be lost, just neighbours of higher order will interact between each other.

2.2 Macroscopic Limit

For each voxel k we consider molecules concentration ny = (k)/ K h- In the limit h — 0, such a
discretisation will lead to a continuous concentration function n(z,t).

To derive the mean-field description for the obtained cRDME, we shall use the equation 2.2. Let
R(z) ={ys. t |z —y < R,+ 2} fomat {y s. t. |x — y| < R,} represent the reaction set at point x

and 1g(z) be its indicator function.

For the standard Fisher Kolmogorov system the mean field limit equation reads [20]

on 9’n
at(x t) = D8 2+)\nf;m

In our case the non-locality in the annihilation reaction results in the integral term

%(m,t) g Z(m t) + An(z,t) — pn(z,t) / b(x — y)n(y, t)dy , (2.3)

where b(z) is a symmetric kernel called the influence function. For uniform probability distribution

used in the microscopic description
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1
2R,

b(z) = — g (z) . (2.4)

It could be proven (see Appendix A) that the space-homogeneous stationary solution of Non-
Local FK IPDE coincides with the stationary state of the standard one, given by */ e

We complete the equation (2.3) with no-flux boundary conditions for x € 9 = {—1,1}, to allow
free molecules formation on the ends of the interval, and an initial condition for the initial molecule

distribution

2.3 Numerical Simulations

In this section we would like to briefly discuss numerical methods used for simulation of cRDME

and IPDE (2.3) and demonstrate in a comparative way typical simulations results.

2.3.1 Theoretical Overview

Next Subvolume Method Next Subvolume (NSV) method is one of the modifications of the
standard Gillespie algorithm (GA) [21], introduced in [16]. For reaction-diffusion systems, it is
more efficient than the GA since the computational effort grows as the logarithm of the number of
compartments (subvolumes in 3D) instead of the linear dependency exhibited by the GA.

In the GA at every iteration the total propensity «(t) at time ¢ for all the compartments vy
is computed as o = Zavk. Then a new time step 7ysy for a new reaction is generated from a
poisson distribution Wlfth intensity given by a. The compartment in which the reaction is going to
happen is chosen probabilistically with weights determined by the local propensities «,, . The time
is advanced and the algorithm proceeds with the next iteration. A fully detailed explanation of the
method can be found in the original source [21].

A major difference of NSV method, or the Next Reaction Method [22], which was a predecessor
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of NSV method, is that time steps are generated for each single voxel or subvolume what allows to
store voxel indexes sorted accordingly to the next time for a reaction to fire. This is usually done
by utilising data structure known as a priority queue. A voxel index with the smallest next reaction
time is stored on top of the queue, so getting its index at any iteration is of O(1). Furthermore,
when updating, inserting a voxel index into a well-implemented priority queue complexity is only
O(log 2K), where 2K is the number of elements in the queue. In our case it is the total number of
voxels. When a voxel is taken from the top of the queue, a fired reaction is chosen again probabilis-
tically with the weights given by propensities of all reactions in that particular voxel. Then updates
are made, the time is advanced and if the time is less than the final one, the algorithm proceeds
with the next iteration. Such seemingly simple modifications make the method much more effective.
A pseudocode and useful comments on its implementation could be found in the supplementary
material of [16].

In both, the classical GA and NSV, methods there are bounds for the voxel size to ensure
their accuracy. More precisely, 012 < h, < D7g. 012 is the reaction radius in the Smoluchowski
interpretation, i.e. sum of the interacting molecules radii, and 7r is the mean reaction time, i.e.
mean life-time, in application to FK equation given by 7 = 1/ u- Since we consider extended
RDME to a convergent version, we do not have to care about the lower bound, whereas the upper
one ensuring well-mixedness of molecules within a voxel is important, especially when we are going
to discuss adaptive mesh refinement. A discussion of these bounds could be found, for instance, in

7.

Numerical Methods for the Mean-Field Equation For the simulation of the IPDE we have
to choose two methods: one for approximation of the derivatives and one for approximation of the
integral. Since the main purpose of this work is in comparing the performance of a two regime
hybrid method with cRDME simulation on adaptive meshes and not in developing a very efficient
IPDE simulator, simple in implementation solutions were chosen, namely FD discretisation for the
derivatives and trapezoidal rule for the integration with subsequent Euler method application. Time
step is chosen in order to ensure convergence of the Euler method, i.e. such that

2
h qg<-. (2.7)



2.3. NUMERICAL SIMULATIONS 19

Usually ¢ was chosen to be equal to i. Total error of this approach is thus O(7y).

Wave Propagation Speed We also need a criterion to compare different methods. As we are
dealing with a stochastic systems, any measures of numerical errors are not applicable and not
able provide us an intuition in difference of performance. Therefore, throughout this work we will
focus on statistics of particular physical significance, such as the wave speed propagation, since FK
equation and its non-local extension have a travelling wave solution [23]. For the Non-Local FK
equation wave speed is not affected by nonlinearities and is given by ¢pmin ~ 2V DX [23]. For the

stochastic simulations wave propagation is expected to be smaller.

150

To obtain an estimate of the propagation
speed, we shall adopt the method used in [24].

If we denote by M. (t) total mass of the sys-

100
I

o(x)

tem at the time moment ¢, wave speed can be

50
1

approximated by

~ Me(t2)) = (Me(t)) o
T ’C(tQ - tl) (2'8) ofo 0?2 0‘4 afs 0‘5 1_‘0

Consequently, more often we shall plot av-

eraged total mass of the system with respect to Figure 2.2: Illustration of initial condition (2.9)

with K = 100.
time that is expected to grow linearly with time
with its slope given by the wave speed c..
Initial Condition ¢(z) Standard FK equa- Q | [0,1] he 0.005
tion has travelling wave solutions for several hg | 5-100* | D | 4-107°
types of initial conditions, including, for exam- A 1.0 K 100.0
ple, R, 0.02 tfinal 30

Table 2.1: Parameters used in numerical simu-
lations in Section 2.3.2.
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In numerical simulations, we would like to reduce boundary influence on the solution, since the

estimate ¢y, is derived in case of infinite domain. Therefore, we consider

illustrated in Figure 2.2.

2.3.2 Numerical Experiments

() = K Ljg.4,0.6]

(2.9)

Four plots in Figure 2.3 show numerical simulations of cRDME by NSV method and IPDE by Euler

method with parameters taken as in Table 2.1.
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Numerical simulations of cRDME and IPDE for time moments t € {2,4,20,30}. Pa-
rameters are as in Table 2.1. Stochastic simulations are averaged over 100 realisations.
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Humps forming at front positions in the beginning of simulations for both cRDEM and IPDE
are not artefacts of numerical errors. This is due to the non-local behaviour of the system. The
same characteristic behaviour was described in [23] while analysing travelling wave solutions for an
arbitrary influence function. After the formation of the wave, hump dissipates, spread by diffusion.
However, we can notice a significant difference in front propagation between the deterministic and
stochastic models for the bigger time moments. Non-localities influence on the cRDME longer,

preventing the front from faster propagation, what results in slower wave propagation speed.

= Mass cRDME — Mass IPDE - <Mass cRDME> --Mass Theory — Speed cRDME — Speed IPDE - C[min] - <Speed cRDME>

-
02 2
4
2 5

= Som
g ES
2o g
o
o

time time

Figure 2.4: Total mass (on the left) and front propagation speed (on the right) of simulated cRDME
and IPDE. Dashed-dotted lines show theoretical estimate cpin for deterministic equa-
tion and averaged speed value for cRDME. On both plots vertical bars indicate standard
deviation. Parameters are as in Table 2.1. Stochastic simulations are averaged over
500 realisations. The data can be downloaded from the link [25].

It can be better seen in Figure 2.4. With the parameters from Table 2.1, ¢4, ~ 0.01265 and we
can see how deterministic total mass and front propagation speed approach the theoretical values.
An estimate of 0.0106764 was obtained for the average front propagation speed of the cRDME. This
difference, in approximately 15%, shows again how much stochastic system can differ from its mean-
field description, motivating us to use other simulation techniques than less accurate deterministic

models or highly computationally intensive exact stochastic methods.
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Chapter 3

Hybrid Algorithm

As mentioned in Chapter 1, the Hybrid algorithm presented here is based on reference [14], where
the algorithm was tested on a reaction-diffusion system with local reactions allowed only within a
single compartment. Thus, to be able to apply the same ideas to our problem, the algorithm needs

to be extended to account for bimolecular reactions between voxels ensuring global convergence of

RDME.

The present chapter is organised as follows. We first explain the domain-splitting procedure and
the algorithm of initial interface placement. Then we proceed with the description of coupling
algorithms between two regimes in Section 3.2. In Section 3.3 the idea of adaptive interface is briefly
outlined, followed by the full hybrid algorithm pseudocode in Section 3.4. We conclude by showing
typical numerical simulations of Non-Local FK system and check the numerical accuracy of the

method.

3.1 Domain Splitting

The main idea behind the approach in [14] is to split the considered simulation domain into 2
overlapping subdomains (see Figure 3.1), one modelled by a stochastic compartment-based approach,
another by the means of a macroscopic mean-field description. In the overlap region, O, surrounded
by two interfaces Iy and Iy, both descriptions are valid. The initial placement of the interfaces will

be discussed in more detail later. Now let us just assume that O = [I, [;] C Q and O # 0.
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Figure 3.1: Illustration of splitting of the domain Q = [—1,1] for the hybrid algorithm. Q. rep-

resents compartment-based domain simulated by cRDME, Q4 - deterministic domain
with mean field behaviour described by an IPDE. The overlap region is defined by the
interfaces O = [Iy, I1] = Q. N Qq, where both descriptions are valid. h. is the uniform
vozel size, hy - lattice mesh size for FD discretisation.

Stochastic Subdomain The mesoscopic subdomain is defined as Q. = [, I;]. We discretise it
into K + M voxels of equal size h, = 1?:]\147 where K indicates the number of compartments in

0.\ Q4 and compartments v 41 U...Uvgipyr = O. Number of molecules in voxel k will be denoted
by N (k) and molecules concentration - by ng == V) /i, k=1, K + M. These values are specified

at the midpoint z; = (k 4+ 1/2)h. of each voxel.

Mean-field Subdomain Here we have Q4 = [Iy,]. We partition it into small intervals of size hqy
to use finite difference (FD) discretisation of derivatives in that subdomain. In general mesh points
of Q24 do not have to coincide with the boundaries of the voxels and hy < h. to ensure convergence

of the numerical FD approximation.

Placement of the Interfaces In this algorithm we shall deal only with a single pair of interfaces,
although in principle multiple overlap regions could be introduced analogously. To determine the
position of that region (regions), we need to specify a) its centre and b) its width.

As regards the former, we shall do it by finding a critical point x..;; € Q that is the point of
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maximum absolute value of gradient of the density function ¢(z) = n(z,t = 0) on an interval [a, b].

An illustration is shown in Fugure 3.2. If we would like to put several interfaces, in a similar way,

we can return a certain number of critical points corresponding to the points of local extrema with

greater absolute values or, if the number of interfaces in unknown, just return all the points where

the absolute value of gradient exceeds a certain threshold.

As mentioned in reference [14], the overlap re-
gion, O, must be non-empty to produce an ac-
curate approximation. In our case, the situation
is more complicated because of the non-local bi-
molecular reactions, i.e. fluxes coming from the
subdomains with different description into each
other. Hence, width of O should be at least of
the reaction radius R,. In our algorithm, the
width was chosen to be equal to 2R,,.

Specified the critical point and width of O,
we obtain expressions for the interfaces, namely
Iy = max{—Il,xcrit — Ra},

I = min{l, Zcrit + Ra}-

3.2 Coupling Algorithm

Working in two regimes, we have to make sure
that the molecule density is consistent across the
interfaces. Introduction of the overlap region
O is an implementation artefact of the method
and we would like to make the interfaces, to say,
“invisible” for the density function.

Hence, we are going to follow the approach

of the original paper [14] and balance the fluxes

1000
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Figure 3.2: Illustration of the critical point po-
sition.

VK
VK-1

VK-2

x+ R,

jloz{K—l,K} jroz{K+1,K+2,K+3}

Figure 3.3: Illustration of index sets T'°(z).
and Z™(x). Case i = 1 is analo-
gous.
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at Iy and I; for both descriptions. Here everywhere we assume, without loss of generality, that

compartment-based description is on the left and macroscopic one - on the right as it is shown in

Figure 3.1. Let us first introduce some notation, shown in Table 3.1.

Notation | Description
ne(x, t) molecule density at point x at time moment ¢. It is defined at the centre of
each voxel as n.(x = =1 + (k + 0.5)h.,t) = %hkc), k=1,K+ M.
K+M
Total molecule number in €2, we compute as M.(t) = & Z N(k).
k=1
ng(x,t) molecule density for z € Q.
Total molecules mass in Qg we define as My(t) = /Q ng(z,t)de .
a
or(t, At) stochastic flux at voxel k in the time interval [t,t 4+ At] .
YP(t,At) | deterministic flux coming into voxel k during the time interval [t,t + At
due to diffusion across I .
Yi}(t,At) | deterministic flux coming into voxel k during the time interval [t,t + At]
due to annihilation reactions across I .
Th(x) set of voxels indexes k to the left of the interface I; that are within reaction
radius from point z. ZY(x) := {k | (= + (k + 0.5)h.) € [x — Ra, )}, i € {0,1}
(see Figure 3.3)
Z7(x) set of voxels indexes k to the right of the interface I; that are within reaction radius
radius from point z. Z"(z) == {k | (=l + (k + 0.5)h.) € [I;;z + Ra])}, i € {0,1}
(see Figure 3.3)
Ac(x,t)At | annihilation flux for z € Q. in the time interval [t,t + At] .
Ag(z,t)At | annihilation flux for z € Qg4 in the time interval [t,¢ + At] .

Table 3.1: Notation used in Section 3.2.

Loosely speaking, everywhere in the subdomain 2. equation (2.2) is the governing one. An

additional flux will be considered for voxels within the reaction radius next to the interface I, the

rest of the simulation in that subdomain is similar to one described in Section 2.3.
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In Qg4, compared to equations (2.3)-(2.6), we prescribe an additional annihilation flux coming

from the stochastic subdomain and modify the boundary condition at Iy to a Dirichlet one, 7, i.e.

0 02
S(@,t) = DS @) + Analw,t) — pna(w,0) S [ b(@ = y)naly, Ody + Az, 1) (3.1)
Ag(z,t)
na(lo,t) =n (3.2)
Bnd
—(,t)=0 3.3
211 (33)
Now we are going to explain everything step by step.
Dirichlet boundary condition » on Ij
In [14] it was proven that the boundary condition
N(K)+ N(K +1
po= NE) T NEFL) (3.4)

2K he

ensures agreement of two regimes on the interface Iy. For clarity, we reproduce this computation

here.

1 h h aylor exp.
na(lo,t +At) =n =5 [n (Io - 2,t—|—At> + e (Io+ 2,t+At)] Teviee

N =

h o h o )
ne(lo,t + A1) = 5 o ne(lo, t+ A) +ne(lo, t + A1) + 5 one(lo, t + At) + O(h?)

= ne(Ig, t + At) + O(h?) = n.(Io, t + At)
Hence, the densities coincide at Ij.

Annihilation flux A(z,t)

It is clear that for x > Iy + R,, A(x,t) = 0, since there is no influence after that point of the

stochastic density on the deterministic molecule density ng(z,t). We set
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e > plak)N(kt), ifly<z<Iy+R,
Az, t) = keZ 10(x) (3.5)
0, otherwise
where p(z, k) is an extension of (2.1) with the continuous first argument, i.e. p(z, k) = W

It is straightforward to check whether such approximation produces the right result. We just
recall that by construction for small mesh sizes cRDME (2.2) can be approximated by its mean-field
limit Eq. (2.3). Therefore, since the only influence comes from the annihilation reactions, we can
just compare this two terms, to make sure that densities coincide. Here we use Eq. (2.4) for the

kernel function b(z).

r+ R,
@ 1
Ag(z, t) At = Atz]/; ng(z,t) / nq(y,t)dy + I Z p(z, k) N(k,t)
“ | /o kET 10 (x)
[ T+ R, 1 ne(zp t)mng(zg,t)
_ K ~
= AtQRa ng(z,t) /IO na(y, t)dy + he Z p(z, k) ne(xg, t) o
L k€T 0 (x) ]
L i z+ R, T
~ AtQR ng(z,t) / nq(y, t)dy + he Z p(z, k) ng(zk, t)
“ | /o k€T 10(z) ]
L x4+ R,
~ Atgp-na(w,t) /IR& na(y,t)dy
w1 N(m,t)
(T, )AL = At N(k,t k.
Ao )80 = Mo NG Y ) S
meZL 0z )UT ™0 (xy)
= At%nc(mk, t) Z p(k,m) he ne(Ym, t)
mET 0 (xy)UT 70 (zy)
L Tr+Re
~ At (g, t (y, t)d
srone(et) [ty

These are the annihilation fluxes for the time moment ¢ + At¢ and at the previous moments

ne(x,t) ~ ng(z,t) (since we also start with equal initial conditions). Therefore, A.(x,t) ~ Aq(z, t).
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Condition at I; Interface

Voxels v;, such that j € Z'(I1), are within the influence of the deterministic subdomain. Hence,
we have to specify an additional flux v,(¢) coming into them from the mean-field domain. Again,
we want to make the interface “invisible”. To do this, we introduce the so-called ghost vozels to the
right side of the interface I; that are not included in €2.. The number of such ghost voxels is defined
as

i —0. —1I
J := round (mln{Ra (})15hc’b 1}) =|77(I)| (3.6)

To obtain the molecule number in a ghost voxel, we shall use linear interpolation based on the
ng(x,t) discretisation. It uses two closest ng(x,t) discretisation values around the voxel midpoint
(see Figure 3.4).

Since the mesh size is assumed

proaches. An illustration is shown be-
P interpolated
values

Iy
sufficiently small, linear interpolation eyt D normal
with error estimate of O(h2) is accu- / i i voxels
rate enough while less computation- ) i : i : 3:;:,2
T
ally intensive than other possible ap- ‘ %» i i e  centre
P i ' i points
&l

' '
1 & | !
T 1 1

low in Figure 3.4.
Xg+M+1 XK+M+2

For the voxel K+ M this flux con-
Figure 3.4: Illustration of linear interpolation for ghost
sists of two terms: 2/, due to dif- vozels K+ M +1 and K + M + 2.

. A
fusion processes, and ¥, 5, due to
the annihilation bimolecular reactions.

Regardingly the former, the expression for it was obtained and justified in [14]

D
wID(+M (ta At) = Atﬁ(nKJerLl - nKJrM), (37)
C
where nf+M is approximation of n, by linear interpolation at the midpoint of the voxel K + M,

n&+M+1 _linear interpolation at the midpoint of a ghost voxel K + M + 1 to the right of I;, using
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the deterministic ng(z,t), and At is the time step. In using n7 as the interpolation value, we do not
write explicitly that it depends on time, but indeed it does, since we use time-dependent ny(z,t) to

get its value.

Remark. Using terms of interpolation and approximation in the same context here might seem
confusing. However, we remember that molecule density is the same function, we just employ two
distinct ways of describing it and want to make sure of its consistency between these descriptions.

Consequently, in this case, interpolation and approximation might interpreted in the same way.

The flux due to annihilation is given by

¢}3+M(ta At) = At % nK+M< Z p(K + M, k) nF+

k€T " (zx4m)

(3.8)
p(K + M, K + M) (nK+M — 1) ),

where again n* is linear interpolation of n. at the midpoint of a ghost voxel k to the right of I,
I, p(K+M,k) are defined as per Eq. (2.2).
Now for j # K + M, j € T"(I;) we have only the additional flux from the deterministic part

due to annihilation processes

A _ H k
Pt At) = At T hene(zjt) Y nF. (3.9)
k€L r1(x;)

To summarise, using Eqgs. (3.7)-(3.9), we have

ne(z;,t) + ¢;(t, At) + P (t, At) — w;‘(t,At), if j=K+M

ne(j, b+ A = 9 ng(),t) + d;(t, At) — wA(t, At), it JZN (3.10)
ne(zj,t) + ¢;(t, At), otherwise

with the stochastic flux, ¢,(t, At), given by



3.3. ADAPTIVE INTERFACES 30

630,80 = At (e (8301, = 1 03+ (1= D) (01,0) = e (05,1 )

C

N (3.11)
_At/‘ﬁnc (xj7t) Z p(]>k) Ne (mk?t)
“ keZ 1 (z;)

Remark. Note that in (3.11) cardinality of Z *(z;) differs for different indexes k.

When the molecule concentration is such that both descriptions are valid we know that ng(z,t)
is a good approximation of n.(z,t), thus, the diffusion fluxes are such that A4(z,t) ~ A.(z,1), i.e.

for all j

he ‘ 1 it Ha
-5 e (5,1) > (3 k) ne (@r,t) & pgm-na (2;,) / na(y, t)dy

MQRa i—R
keZ(I;)UZr(ly) J @

Within the overlap region O we assume that both descriptions are valid, so that

he . 1 h
e () 3 D) et = agpma ) [ matys iy
a keT(I) a zj—Ra

As regards the second part of annihilation fluxes that comes from points that are farther than
11, due to the linear interpolation used
Pt At) + O(hd) = At

1 zj+ Ry
End (xj7t) /I1 nd(yat)dy .

With the justification of Eq. (3.7) provided in [14], we conclude that n.(z,t) ~ ng(z,t), Va €

[[1 — Ro, I1].

3.3 Adaptive Interfaces

For adaptation algorithm we have to formulate mutually exclusive criteria for extension of €2, and
Q4. We decided to choose local concentration as a ratio to decide whether the subdomains should be
updated. Described in Section 3.1, critical point is situated approximately at the middle of the wave
front. Let us denote by I D, the index of this point in the current partitioning. Thus, it would be

logical to check the number of molecules at this position and when it is within some range, depending
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on the carrying capacity of the system, move the interfaces. By our idea of domain splitting, we
know that the critical point is situated in the middle of the overlap region O, thus, macroscopic
description is valid there. Since mean-field description is not exposed to fluctuations, we shall use
the deterministic molecules concentration. We introduce to algorithm parameters 0 < r; < r2 < 1 to
control mesh adaptation. Then, if the concentration of molecules ng(z,t) is lower than 1 /C, i.e. the
front moved back, we extend (2. by adding a new voxel with the number of molecules approximated
by deterministic concentration at the new voxel’s centre. Similarly, if the concentration of molecules
ng(x,t) is higher than 75/, extension happens to the domain Q4 and a voxel next to the interface Iy
is substituted by its mean-field description. Whenever mesh adaptation happens, we have to make
corresponding changes in the event queue of the NSV method, as well as to move the position of
the critical point. Typically in our simulations r; € [0.4,0.6], o € [0.8,1). The algorithm is briefly
outlined in pseudocode in Algorithm 1. The algorithm is written for deterministic domain being on

the left-hand side.

Check for the domain adaptation is made every time ny is updated by Euler method. Since 74 is
usually much greater than (7ysy ), adaptation is not very frequent and, hence, is not computationally

intensive. Complexity of AdaptiveInterface() function is O(1).

3.4 Two Regime Hybrid Algorithm

Now with all the formulas have been written down and with the help of Algorithm 1, we can formulate

the algorithm of the hybrid method in pseudocode. It is shown below in Algorithm 2.
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10:

12:

14:

16:

18:

20:

22:

24:

function ADAPTIVEINTERFACE( ng, molecules, IDcrit, T1, 12 K, he, Io, I, EventQueue, a, b)

if (ng[IDecrit] < r1 K) then > Q. is extended

Io <~ Io+he, I+ Ii+hc
if (I, > b) then
Erase ng and switch to fully stochastic regime
return Reached Boarder b Warning
end if
K+ K+1
Push_back new voxel into molecules with value approximated at the point xx 4+ = I1 — 0.5h,
Add new voxel into the FventQueue

Erase all values of ng that belong to [Io — he, Io]

end if

if (ng[IDecrit] > 72 K) then > Qg is extended

Io<Io—hey, LI —he
if (Io < a) then
Erase molecules and switch to deterministic regime
return Reached Boarder a Warning
end if
Erase voxel K + M from molecules and FEventQueue
K+ K-1
Push_front new approximated values of ng that belong to [Io, Io + hc]

ID¢rit is decremented by the number of added mesh points

end if

end function

Algorithm 1: Adaptive interface algorithm
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10:

12:

14:

16:

18:

20:

22:

24:

26:

28:

30:

function HYBRIDALGORITHM( ¢(z), a, b, he, ha, D, u, A\, Ra, tfina, 71, 72, K)
Initialization(meshe, molecules); Initialization(meshqd,nq)
Terit — GetCriticalPoint (gzﬁ(m), a, b, round (0.1”}:—;))
[{o, I1] < PutInterfaces(a,b, Ra, Tcrit)
DefineDomain(a, b, Io, I1)
Specify positions of ghost voxels
Specify indexes of PDE-influenced mesh points
Initialize EventQueue of NSV method
time <— 0, timepge < 0
Specify 74 like in formula (2.7)
ReachedBoarder + false
while (t < tfinal) do
if (ReachedBoarder = true) then
time < time + 74
end if
if (time — timepge < Td) then
Compute Dirichlet boundary condition 7 from (3.4)
Compute annihilation flux A(z,t) as in (3.5)
Advance ng(z,t) by Euler method in accordance with (3.1)-(3.3)

timepge <+ time

Adaptivelnterface(ngq, molecules, IDecrit, 11, 12 K, he, lo, I, EventQueue, a, b)

if (AdaptiveInterface() returned Reached Boarder Warning) then
ReachedBoarder < true
end if
Update stochastic flux, using lﬂéjLM,j(t,Td) for j=1,J from (3.9)
and Y0 (t,7a), YR (t,7a) from (3.8), (3.7), respectively

end if

NSV method step with 7ysv

time < time + Tysv

end while

end function

Algorithm 2: Two regime hybrid algorithm
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3.5 Numerical Simulations

We now conduct a series of numerical experi-

Q . Q. 4,1
ments with the purpose of showing consistency d 0,0.6] N [0-4,1]

.= . D .004
of the developed algorithm by applying it to he = ha | 0.005 0-00

o - 1.0 K 100.0
constant initial condition of full system carry-
R, 0.05 tfrinal | 1 —50
ing capacity. In this case, all terms balance final
T1 0.5 T9 0.8

each other and we expect the system to fluc-

tuate around this value. Figure 3.5 shows (av- Table 3.2: Parameters used in numerical simu-
lations in Section 3.5.
eraged over 100 realisations) simulation of the

Non-Local FK stochastic process starting from an initial condition ¢(z) = K after one time unit.
The parameter values used are shown in Table 3.2. These simulations did not use the adaptive

interface function, since this experiment was performed only to check for numerical accuracy.

time=1
[
2 |
= \—
g [ __ _
-
=
[72]
c
@
-
o _|
o
o 4
T T T T T T
0.0 02 04 06 08 1.0
X

Figure 3.5: Hybrid algorithm simulation averaged over 100 realisations at time t = 1, with initial
homogeneous steady state initial condition ¢(x) = K. All parameters were taken as in
Table 3.2. Dashed red line shows the steady state solution n* = K.
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Figure 3.5 shows increased density close to the

140
|

border due to no-flux boundary condition and

annihilation reactions. The solution is symmet-

100
1

ric and consistent across the interfaces. That

shows that algorithm of balancing fluxes is cor- %
rect. 2
We next proceed to show typical simulations
of the hybrid algorithm when the adaptive in- - . ‘ ‘ . .
0.0 02 04 06 08 1.0
terface mechanism is in place. The initial con- X
dition is shown in Figure 3.6 and all parameters
. . . Figure 3.6: Initial condition ¢(z) = 5(1 —
are again as in Table 3.2. Figure 3.7 shows four tanh(w(@ — x0))) for hybrid algo-
snapshots of the time evolution of the propaga- rithm as an approzimation of a step
function, with xy = 0.3 and param-
tion of wave front. eter w = 200 controlling approxima-

Although Figure 3.7 demonstrates a single sim- tion accuracy.

ulation, we can already notice a small delay be-
tween wave propagation speeds of the hybrid algorithm and the purely deterministic IPDE. Most

clearly it could be seen on the last snapshot at time ¢t = 6.5.

To compare the algorithm with the results obtained in Section 2.3.2, we shall use a more com-
plicated case when non-localities make a stronger influence on the wave propagation with the same
parameters as in Table 2.1. However, we cannot use the same initial condition as in Figure 2.2.
Since the algorithm was developed for a single pair of interfaces, the algorithm will put the overlap
region only on one side of this rectangular pulse function and on the other side deterministic IPDE
will not be valid due to the low molecule number. Therefore, we shall use the initial condition from
Figure 3.6.

Another moment that should be mentioned is how we are going to take average values over the overlap
region. Stochastic simulations are more accurate, hence, considering, without loss of generality, again
case of Qg being on the left, we shall take values belonging to [0, Iy] from macroscopic description

and from mesoscopic - for ones from [Iy, 1].
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Figure 3.7: Snapshots of a numerical simulation of the hybrid algorithm at time moments t €
{1,2,4,6.5}. Dashed red line shows solution of IPDE simulated by Euler method for

the same time moments.
Figure 3.6 and |O] = 4R,,.

Parameters are as in Table 3.2, initial condition - as in

Results are shown in Figure 3.8, plots a)-b). The theoretical speed estimate is ¢pin ~ 2V DA =

0.01265. From Figure 3.8 it can be seen that for ¢ < 5 the propagation speed of the wave front

is much higher. This is due to the boundary effect in formation of a hump on the left-hand side

border. Once it is formed, the wave speed stabilises at an average (over 500 realisations) value of

Chybrid = 0.0113398. This value is indicated on both plots a)-b) in Figure 3.8 by the dark-blue

dashed lines.
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= Mass Hybrid -~ Mass IPDE -- <Mass Hybrid>

®
~
Total Mass

time

— Mass Hybrid - Mass IPDE - <Mass Hybrid>

¢
~
Total Mass

time

b)

d)

— Speed Hybrid - C[min] = <Speed Hybrid>

Propagation Speed

time

— Speed Hybrid = C[min] —- <Speed Hybrid>

Propagation Speed

%
time

Figure 3.8: Total mass (on the left) and front propagation speed (on the right) of simulated hy-
brid algorithm. Dashed lines show the theoretical estimate Cpin for the deterministic
equation and averaged speed value of the hybrid algorithm. On both plots vertical bars
indicate standard deviation. Parameters are as in Table 2.1 and r1, ro as in Table 3.2.
Width of the overlap region O was taken as 2R, on the plots a) —b) and 4R, for the
lower ones ¢) — d). The simulations are averaged over 500 realisations. The data can

be downloaded from the link [25].

Here the width of the overlap region was 2R, as it was described in Section 3.1. However, in [14]

it was mentioned that overlap region should cover the whole wave front, that is not the case if |O] =

2R,. Thus, we repeat the same numerical experiment but for |O| = 4R, i.e. interfaces positions

are Ip = Tt — 2R, and Iy = it + 2R,. Results are shown in Figure 3.8, plots ¢)-d). Comparing

them with plots a)-b), we notice slightly lower front speed propagation, cpypriq =~ 0.0106943.

Recall that for the cRDME the obtained wave propagation speed was c. =~ 0.0106764. Hence, the

developed hybrid algorithm provides more accurate result than the macroscopic mean-field IPDE,

but still with higher front propagation speed than the exact stochastic simulations. Likewise, we



3.5. NUMERICAL SIMULATIONS 38

confirm that the width of the overlap region matters and the whole wave front should be covered by

O. The relative error between ¢, and cpyprig With |O| = 4R, constitutes less than 2%.
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Chapter 4

Adaptive Mesh Algorithm

As an alternative to hybrid algorithms, we propose an Adaptive Mesh Algorithm (AMM) based on
non-uniform meshes. The main idea was originally inspired by numerous adaptive mesh techniques
for partial differential equations: coarser mesh elements are used for homogeneous regions with high
molecules number, whereas finer elements capture all spatial inhomogeneities. To achieve higher
numerical efficiency and accuracy, the mesh structure evolves according to the system behaviour.
To our knowledge, there exists only one work on using adaptive meshes to simulate the RDME;,
[13], which we describe in Section 1.2.3. Surprisingly, the approach, even though it has many merits
compared to hybrid algorithms, has not become widely used. In our opinion, there might be two
reasons for that: one is more intricate propensities coefficients scaling, and another - the difficulty
of developing an efficient mesh refinement criteria. Due to stochastic nature of simulated systems
one cannot simply adopt criteria used in deterministic, mostly smooth enough, PDEs, fluctuations

must be taken into account.

The chapter is organised as follows. We start by modifying the propensities derived in Chapter 2
for non-uniform meshes and perform test simulations of a diffusion equation and Non-Local FK
equation on a randomly generated non-uniform mesh with constant initial condition. Then, we briefly
discuss a possible solution to generating an initial non-uniform mesh that captures inhomogeneities
around desired critical points in Section 4.1. After this preliminary discussion, we proceed with
the formulation of the AMM in Section 4.3. Section 4.4 demonstrates numerical simulations of

Non-Local FK system cRDME on non-uniform adaptive mesh.
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4.1 Stochastic Simulation Methods on Non-Uniform Meshes

We use the same notation as in Chapter 2. Without loss of generality, we consider a scaled domain
Q= [0,1]. Let the domain 2 be partitioned into K voxels vy, k = 1, K, of not necessarily equal size,
which we denote by |vg|. Furthermore, z is the position of the centre of a voxel vy. There exist two
approaches in specifying centres and borders of the voxels: interval-centred and Voronoi partitioning
methods. In the former, the domain is first partitioned into a finite number of intervals and voxels’
centres are put in the middle of each interval. By contrast, in Voronoi partitioning method, voxels’
centres are initially specified and afterwards the voxels’ borders are set in the middle between centre

points.

Remark. Rigorously speaking, in this case usage of term wvozel centre is incorrect, since in general
the geometrical centre of a voxel does not coincide with the specified point z;. However, since here

there is no ambiguity in referring to x’s as to voxel centres, we shall keep using it.

N(k +3)
N(k —2) N(k+1)
N(k
N(k — 3) N(k—1) N N(k +2)
| Vg |
L Xi—3 1 Xi—2 N x:—1__ }k an XI;+1 an xkzz__ka+3 i
hye— hy—1 hi | hger () i3
T T
R, Rq

Figure 4.1: Illustration of Voronoi partitioning method. Here blue rhombi indicate vozels’ centres
xj, N(j) - molecules number, j = k—3,k+3. R, is the reaction radius for non-
local bimolecular reactions. On this illustration, reaction set of the voxel k is R(k) =
{k-3k—2k—1,kk+1k+2}.
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In [26], it was shown that interval-centred partitioning does not converge to the macroscopic
mean-field PDE for reaction-diffusion problems and gives bigger error than Voronoi partition-
ing. Therefore, in this work we also use Voronoi partitioning. An illustration of the method
is shown in Figure 4.1. Interval borders there are set at % N(j) denotes the number of
molecules in voxel v;. In addition, we have to specify a vector of distances between centre points

h = (h’17 . '7h’j—1ahj7hj+17 . '7hK+1)a with

21, if j=1
hj=9q%t=%  if 1<j<K (4.1)
21 —2g) if j=K+1
h;

2

tration at point x; is given by n; = %

hidh;
% The concen-

Consequently, we can write v; = [z; — =, z; + %] and voxel size is |v;| =
We are now ready to write equivalents for non-uniform mesh of propensities of cRDME formulated

in Chapter 2.

Diffusion The derivation of diffusion coeflicient scaling can be found in reference [26]. Here we

just summarise their result

2D : s
ha(hi+4hz) if j=1
Dj = 22 if 1<j<K (4.2)
2D : S
hx(hx+hri1) if J= K

where D is the macroscopic diffusion rate. Probabilities of jumps to the left and right are given by

0 if j=1 1 if j=1
Prob(j — j—1)= ﬁ if1<j<K Prob(j; — j+1)= # if1<j<K
1 if j=K 0 if j=K

Birth As a unimolecular reaction, birth rate coefficient does not require any scaling as before,
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Annihilation If we were to consider an RDME, annihilation reaction rate for the voxel j would

be given by

po 1 . .
Trvo-2v6) = 37 NOWE - 1)

To extend it to the cRDME, we again introduce the reaction set of a voxel 7,
R(j) ={k € L,K | vxN[x; — Ry, z; + Ry # 0} .

An illustration is found in Figure 4.1. Assuming that the molecules have uniform probability to

interact, a molecule from a voxel k € R(j) is chosen to interact with a molecule from the voxel j

with probability p(j, k) gﬁl, where p(j, k) € [0,1] in non-uniform mesh is

B min { 25 +0.5 hk|2lr(xj7Ra) ) 1} if k<j
, lve N Br, (j)]
p(j. k) = Tl min{i};‘f : 1} it =k (4.3)

min{mj+Ra—(mk+0'5 hk)’1} if k>3

[vk]

Taken together, these results imply that the propensity of an annihilation reaction to happen in the

voxel j is equal to

1 N(i ) .. .
B PR h
k#3j

4.2 NSV Simulation on Non-Uniform Meshes

We perform two test simulations on randomly generated non-uniform meshes with constant initial
condition ¢(z) = K to demonstrate that coefficients scaling from the previous section is correct.
Simulations were made for a simple diffusion equation with no reactions and then for Non-Local FK
equation with parameters as in Table 3.2 (except mesh sizes). Simulations were run for ¢ ;5. = 30,
with system state being written into a file every 500" iteration of NSV algorithm. The number
of molecules in every voxel was averaged over all output iterations from the file and plotted (see

Figure 4.2). Plot a) on the left corresponds to the diffusion equation, b) - on the right, to the
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Non-Local FK ¢cRDME. Dashed red lines indicate stationary states on both plots. As we can see,
average behaviour of both systems corresponds to the mean-field one, as expected. Higher density

on Plot b) next to the boundary is due to non-localities of the considered cRDME.

a) N¢ b) N¢
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Figure 4.2: Test simulations of the diffusion equation and Non-Local FK ¢cRDME on non-uniform
meshes with initial condition ¢(x) = K = 100. Results are averaged over system states
obtained every 500" iteration during first 30 time units of simulation. Parameters are
as in Table 3.2. Red dashed lines show stationary states.

4.3 Mesh Adaptation Algorithms

This section is devoted to describing of algorithms used for the adaptive mesh refinement. The
algorithms were implemented in C++. We present them in an informal general algorithmic language.
They are written in detail with illustrations provided, so we shall mostly give a general overview of
the ideas, with more detailed description of the most interesting aspects.

The idea of adaptive remeshing comes from the intrinsic properties of modelling on the mesoscale.
When a domain is partitioned into a finite number of voxels, molecules within a single voxel are
indistinguishable and their positions are known only up to the voxel size. If we already neglect
this information, there is no problem in repartitioning the domain and changing voxels’ boundaries,
provided that mass is conserved. Emphasising again, all the framework of RDME or cRDME is
just a mathematical description to model a system, in reality there are no voxels, the domain is
continuous. Therefore, as long as the properties of the system are preserved and the total number

of molecules before and after the mesh refinement is conserved, we can adopt the sizes of mesh
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elements to our benefit. To mention again the previous work on adaptive meshes [13], stochastic
interpolation, used in the adaptivity algorithm for newly specified voxels, does not necessarily ensure

conservation of the number of molecules before and after the remeshing procedure.

We proceed with a general algorithm of the Next Subvolume type with the adaptive mesh refine-
ment (see Algorithm 3). Loosely speaking, we perform the standard NSV method simulation with
adaptive remeshing at regular time intervals. Since the testing problem here is the Non-Local FK
equation, the algorithm is adapted for a system with travelling wave solution. We can obtain an
approximation of the wave speed propagation from its macroscopic estimate given by ¢, and use
it to compute the time needed for the wave front to move by a preset distance AS. This parameter
depends on the domain length, diffusion coefficient and reaction radius. Too small values of AS
will lead to the loss of numerical efficiency, since the domain will be repartitioned too frequently.
If AS is too big, the accuracy will deteriorate. As a rough estimate, we have determined that AS
should not exceed 10% of the domain length (in 1D). If there is no known estimate for ¢y aye, the
remeshing procedure can be set to be repeated every predetermined number of iterations or at fixed
time intervals. The rest of the general Algorithm 3 is the same as described in Section 2.3.1, just
with propensities derived above for non-uniform meshes. After each call of the Remesh() function
it is necessary to update the Event Queue for the NSV method. Depending on the implementation,
the whole queue can be cleared and constructed again, or just updates can be made for newly cre-
ated/modified voxels. For a system with non-local behaviour (as Non-Local FK equation considered
in this work), it was more computationally efficient to clear and construct the Event Queue anew,
since in any case updates have to be made not only in modified voxels but within their reaction

radius.
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function ADAPTIVEMESHNSV ( ¢(z), System Parameters, tfinq, AS, Remeshing Parameters)
2: [N, x, h] + Initialisation(¢(z))
Cwave < Approximate Propagation Speed
4: time < 0, time_mesh < 0
while time < tfinq do

6: if time — time_mesh > —25_ then

Cwave

Remesh(x, Remeshing Parameters)

8: time_mesh < time
Make Updates > In vector dimensions, Event Queue
10: else

Next Subvolume Method Step with System Parameters
12: Update Time
end if
14: end while

end function

Algorithm 3: General algorithm of the NSV method with mesh refinement

function REMESH(N, @, h, K, thry, thrp,, thrp,, hmin, hmazys Pmazs, a, b, K)
2: D« 1, fail + False
while ID < K do

4: p

1 N[ID] i N[ID+1]
K2 ( (R[ID]+A[ID+1]) (h[]I]ID+1]+h[]I]DJ+2])>

if (p € [thrp,,thrp,]) & (min{N[ID], N[ID + 1} > 0) then
6: fail < Divide(N, x, h, ID, hpmin, a, b, K)
if fail == False then

8: ID + ID + 2 Continue
end if
10: end if
if (p > thry) then
12: hmaz ﬁ ((1 — p)hmaz, + (p — thrU)hmamQ) > linear dependency
fail < Unite(N, z, h, ID, hmaz, a, b, K)
14: if fail == False then Continue
end if
16: end if
ID <+ ID+1

18: end while

end function

Algorithm 4: Remesh()
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In more detail, the Remesh() procedure (see Algorithm 4) starts with remeshing the first pair of
voxels and proceeds till the last one is reached. For each such a pair, the ratio p > 0 is computed, as
defined in Algorithm 4, Line 4. This ratio is the averaged molecules density between two considered
voxels, normalised by the value of the carrying capacity. If p € [thrp, , thrp,] and both voxels are non-
empty, the Divide () procedure fires, wherein minimum voxel size h;,;, is respected. If p > thry, the
two voxels are united into one by the Unite() procedure with the centre at the midpoint between
the outer borders of these voxels, in case the size of the united voxel does not exceed hyq. (this
check would be done inside of the Unite () procedure). The parameter h,,q, is computed in Line 12,
Algorithm 4. Ay, grows linearly from the preset Rz, t0 Amaz, as p increases from thry to 1. In
principle, due to stochastic fluctuations, p takes values greater than 1, but for the averaged value
between two voxels it does not happen frequently and hy,q., being slightly greater than hy,q,, does
not influence on the simulation accuracy. Linear dependency was chosen for simplicity and showed
good performance. However, nothing prevents from employing another law for computing h,qz,
for example, exponential. The key point is that h,,q, is not uniform and should increase as the

molecules number approaches the carrying capacity.

Both the Unite() and Divide()

function ROUNDPROB(value) > For value > 0
procedures use an auxiliary function 2: if  (value — floor (value) > rand) then  return
RoundProb() shown on Algorithm 5. ceil (value)

It considers the fractional part of else return floor (value)

. . 4: end if
value as a probability of it to be

end function

rounded to the nearest integer greater
Algorithm 5: RoundProb ()
than value. We shall use it to respect

the probability while conserving the total number of molecules, when remeshing the domain.

Unite() and Divide (), even though serving the opposite purposes, are quite similar. They are
described in Algorithms 6-7 with graphical illustrations in Figures 4.3-4.4, respectively. The approach
slightly differs if we work with voxels adjacent to the domain boundary that leads to a bit longer
algorithms. In general, Unite() takes two voxels and unites them, whereas, Divide () partitions

area between centre points of adjacent to the considered pair of voxels into 4 equal intervals, i.e.



4.3. MESH ADAPTATION ALGORITHMS 47
function UNITE(N, @, h, ID, hpez, a, b, K) > Illustration in Figure 4.3
min{ K,ID+2}
2: Mprey < 0, Mpeat < 0, Miotal < > N (k)
k=max{1,ID—1}
if (ID == 1) then
4: d+ x[ID+2]—a
if (max {0.75d, 0.25d + 0.5 h[ID + 3]} > hyqaz) then return True
6: end if
else if [D == K — 1 then
8: d+ b—x[ID — 1]
if (max {0.75d, 0.25d + 0.5R[ID — 1]} > hyq.) then return True
10: end if
else
12: d + x[ID + 2] — 2[ID — 1]
if (max {0.5d, 0.25d + 0.5h[ID — 1],0.25d + 0.5 R[ID + 3]} > h.maz) then return True
14: end if
end if
16: if (ID > 1) then
Mpreo + RoundProb (%%N(HD - 1))
18: N(ID — 1) + Mprey
end if
20:  if (ID < K — 1) then
Myeat + RoundProb (%%N(m + 2))
22: N(ID + 2) < Myeat
Erase(h[ID + 2])
24: end if
N(ID) +~ Miotat — Mprev — Mpeat
26: Erase(IN(ID + 1), @®[ID + 1]
if (ID == 1) then
28: Z[ID] < a+ 0.5d
h[ID] « d, R[ID + 1] « 0.5d
30: else if (ID == K — 1) then
Z[ID] «+ X[ID — 1] + 0.5d
32: R[ID] + 0.5d, h[ID + 1] < d
else
34: Z[ID] + &[ID — 1] 4+ 0.5d
h[ID] + 0.5d, R[ID + 1] < 0.5d
36: end if
K+ K-1
38: return False

end function

Algorithm 6: Unite()
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10:

12:

14:

16:

18:

20:

22:

24:

26:

28:

30:

32:

34:

36:

38:

40:

42:

function DivipE(N, @, h, ID, hmin, a, b, K)
min{ K,ID+2}
Mprev <~ 01 Mnea:t <~ 07 Ml — 07 M2 — 07 Mtotal <~ Z N(k)
k=max{1,ID—1}
if (ID == 1) then
TD+2]—
d+ ===
if (min{2d,d + 0.5R[ID + 3]} < himin) then return True
end if

else if ID == — 1 then

b—X[ID—1]

d <+ =

if (min{2d,d + 0.5h[ID — 1]} < hyin) then return True
end if
else
d e a:[w+z];:c[mf1]
if (min{2d,d + 0.5h[ID — 1],d + 0.5 R[ID + 3]} < hmin) then return True
end if
end if
if (ID > 1) then
Mpyes + RoundProb (%N(HD - 1))
N(ID — 1) < Mprey
end if
if (ID < K — 1) then
Mpegt + RoundProb (%N(m + 2))
N(ID + 2) « Mot
end if
M, + RoundProb (1 (Miotat — Mprew — Mpeat))
N(ID) « M;
M3 <+ RoundProb (2 (Miotar — Mprev — Mpear — M1))
N(D+1) « M,
Insert(Miotai — Mprev — Mneot — M1 — Mo, ID + 1)
if (ID == 1) then
Z[ID] « a + d, T[ID + 1] « a + 5d
Insert(a + 3d,ID + 1)
else
Z[ID] «+ x[ID — 1] + 24, Z[ID+ 1] < x[ID — 1] + 64d
Insert(X[ID — 1] + 4d,ID + 1)
end if
for (i =1ID; ¢ < ID + 3; i++) do
h[i] < 2d
end for
Insert(2d,ID + 2)
K+ K+1
return False

end function

> Illustration in Figure 4.4

Algorithm 7: Divide()
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increasing the number of voxels by 1. Preservation of the total number of particles is enforced in
both procedures. The algorithms do more of mechanical repartitioning than any complex actions,

so they are better explained by the pseudo-codes and the illustrations.

An advantage of these procedures is that in the end they make the mesh more uniform, even if
the originally generated mesh was quite random. It is demonstrated in Figure 4.5, where Remesh ()
was forcibly applied to a randomly generated mesh. When the molecules number approaches the

carrying capacity, the mesh automatically becomes more uniform with the elements of size hp,az.,-

time= 0 b time= 0
a) . ) .
g g
2 &
= =
2 24
Py =
2 8- 2 8-
[TH @
° °
o | i
2
o - o
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 0.4 06 0.8 1.0
X X

Figure 4.5: Randomly generated mesh for an approzimation of step function before (Plot a)) and
after (Plot b)) Remesh () procedure.

4.4 Numerical Simulations

In this section we shall perform single simulations of Non-Local sFK system to explicitly demon-
strate the performance of the proposed AMM and then compare its performance on the test problem,

as it was done for the exact NSV and Hybrid methods.

As a test problem, we shall model dynamics of the sFK system with the initial conditions and
reaction rates the same as we used for the illustration of the Hybrid algorithm. Full set of parameters
with ones needed for the AMM is shown in Table 4.1 and the initial mesh is shown in Figure 4.6.

Using the macroscopic estimate the wave propagation speed, ¢in = 2V DA = 0.1265, consequently,
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the choice of AS = 0.1 implies that the mesh refinement procedure will be called at approximately
every 0.8 time units. The uniting and upper dividing thresholds almost coincide to ensure smother

transition between voxel sizes.

time= 0
Q |01 | 0.3 "
B 15 w 200 )
A 1.0 K | 100.0 o
D |0.004| AS | 0.1 % < |
R, | 0.05 | tpina | 20 s
thr, 0.0 thry, 0.5 =
thry | 0.51 | hypin | 0.007
Rmazs | 0.007 | hunaz, | 0.03 =1 . . . . .
00 02 04 0.6 0a 10
X

Figure 4.6: Initial condition
Table 4.1: Test parameters for AMM. é(z) = %(1 — tanh(w(z — 0))) for AMM

generated by the map Vg, described in
App. B, with the parameters as in Ta-
ble 4.1 and K = 50.

Snapshots of this numerical experiment for time moments ¢ € {1,2,7,8} are shown below, in Fig-
ure 4.7. We can notice that the region with finer mesh elements propagates together with the wave
front. Once the molecules number almost reaches the carrying capacity at ¢ = 8, mesh becomes
almost uniform. Although the snapshots show a single realisation, the system dynamics seems to be
in accordance with the macroscopic mean-field IPDE, whose solution is indicated by the red dashed
lines on all plots.

One advantage of AMM is that it can be applied to a system with any desired number of inho-
mogeneities. In Section 3.5 we were not able to test our algorithm on the system with the initial
condition (2.9), since it was developed only for a single pair of interfaces. But for the AMM we do
not have to implement anything else - an appropriate initial mesh suffices to apply the method to
any initial condition. Since two wave fronts are situated close to each other, there is no need even

in applying the map 73 5, from App. B. A uniform initial grid with the step size 0.005 was used in
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Figure 4.7: Snapshots of simulation of Non-Local FK equation by NSV method with AMM at time
moments t € {1,2,7,8}. Dashed red lines show solution of IPDE simulated by Euler
method for the same time moments. Parameters are as in Table 4.1, initial condition

- as in Figure 4.6.

all the simulation for the rest of the chapter. Parameters are represented in Table 4.2.
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Q | [0,1] | hie | 0.005 A 1.0

K |1000| D |000004 | AS | 0.03

Ry | 0.02 | tfina 30 | thro, | 0.0
thr,, | 05 | thry 08 | Aumin | 0.004

Poaz, | 0.004 | Mg, | 0.009

Table 4.2: Parameters used in numerical simulations in Section 4.4.

In all simulations the mesh is constantly evolving, so to plot averaged solutions for particular
time moments is not possible. We demonstrate the snapshots of a single numerical experiment
(Figure 4.8) and estimations of the wave propagation speed and the total mass averaged over 500
realisations (Figure 4.9). From the obtained data, caprar ~ 0.0106756 that almost exactly coincides

with the estimate c. from the exact NSV method simulation.

- Mass AMM — Mass IPDE -- <Mass AMM> --Mass Theory — Speed AMM — Speed IPDE - C[min] - <Speed AMM>

--------- A

/

TotalMass
Propagation Speed

» Ey ; o
time time

Figure 4.9: Total mass (on the left) and front propagation speed (on the right) of simulated cRDME
by AMM and IPDE. Dashed lines show theoretical estimate Cpin for deterministic
equation and averaged speed value for cRDME. On both plots vertical bars indicate
standard deviation. Parameters are as in Table 4.2. Stochastic simulations are aver-
aged over 500 realisations. The data can be downloaded from the link [25].
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Figure 4.8: Snapshots of simulation of Non-Local FK equation by NSV method with AMM at time
moments t € {2,6,20,30}. Dashed red lines show solution of IPDE simulated by Euler
method for the same time moments. Parameters are as parameters for AMM - as in
Table 4.2, initial condition - as in Figure 2.2.
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Chapter 5

Comparison of the Hybrid and Adaptive Mesh algorithms

We have developed two different methods for simulating stochastic processes with non-local be-
haviour with the purpose of reducing the computational time while preserving the accuracy of sim-
ulations. In this chapter we compare them by two criteria: statistical accuracy and computational
performance. As a benchmark we use the NSV method, since it is an exact stochastic simulation

method.

5.1 Statistical Accuracy

In Chapters 2-4 we performed numerical simulations of the convergent FK stochastic process.
During each numerical experiment the evolution of the total mass was recorded. Now we use these
data to compare both methods. Since NSV and AM simulations and Hybrid simulations were
performed with different initial conditions, instead of comparing the total mass data, we compute
wave propagation speeds, using Eq. (2.8), and compare them.

NSV and AM simulations were carried out for the final time ¢ ;50 = 30 and the total mass in the
system is recorded every 0.2 time units. It accounts to 150 front propagation speed values for each
realisation. We discard those points corresponding to the initial transient behaviour (approximately,
first 10 time units), until the speed of propagation settles onto its steady value (see Figures 2.4, 3.8,
4.9). Thus, the total sample sizes for NSV and AM methods are 50,500 and the Hybrid method
sample size is 40, 500. All tests are done in R environment, with concrete routines indicated through-
out the text. The dataset, containing the three samples, can be downloaded from the link [25]. In

Appendix C it is explained how front propagation speed can be computed using these data.
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We first make violin plots of the samples (Figure 5.1). Inspection of these plots shows similarities
between the kernel densities of NSV and AM methods samples, while variance of the Hybrid method
sample differs. As we recall, in the previous sections we only compared the average front propagation
speeds. Now, in order to gain quantitative understanding of the comparison between the statistics
generated by each method, we perform more exhaustive analysis to conclude that whilst NSV and

AM samples are drawn from the same distribution, the Hybrid sample is not.

CINSV CIHybrid 1AM

ms- *
o
o)
o)
[«
w
c
'-g 0.02
g & ™
g < ~
e
o
b=
e -0.024
I

-0.06

AM Hybrid NSV
Method

Figure 5.1: Violin-plots of front propagation speed for NSV, Hybrid and AM methods. Horizontal
cuts on all the plots indicate 256%, 50% and 75% quantiles.

5.1.1 Kolmogorov-Smirnov Test

For two-samples Kolmogorov-Smirnov test we use ks.test () routine provided by stats package in
R . Hypotheses are
Hy : Hybrid (AM) and NSV samples are drawn from the same distribution.

H, The distributions differ.

Results of the tests summarised in Table 5.1. We reject Hg-hypothesis at confidence level o = 0.05

for Hybrid method sample, i.e. NSV and Hybrid methods samples are from different populations,
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« p-value Dium D
NSV vs. Hybrid | 0.05 | <2.2e-16 | 0.074717 | 0.009059
NSV vs. AM 0.025 0.9965 0.002555 | 0.000257

Table 5.1: Kolmogorov-Smirnov test results.

however, for AMM we fail to reject the null hupothesis.

5.1.2 Student’s T-test

To carry out Student’s T-test, we first should check the samples on normality. Hence, the hypotheses

are
Hy: The sample is drawn from a normal distribution.
H,: The sample is drawn from distribution that is not normal.

To be certain in the consistency of the result, we use two different methods, in order to check the

above hypotheses.

Method I: Graphical Check

Most known tests for normality, such as Shapiro-Wilk, Shapiro-Francia, Anderson-Darling tests,
have limits on the maximum sample size, so they cannot be applied to our samples. K-S test does
not have such a limit, but it is unlucky to be passed for such large samples, since confidence bands in
quantile-quantile plots become too sensitive for the regions around the mean value, while too loose
for the tails. Thus, we shall use graphical approach and look at quantile-quantile plots.

Figure 5.2 shows the data points of the three samples drawn on normal scale with Kolmogorov-
Smirnov 95% confidence bands and Tail-Sensitive (TS) 95% confidence bands developed in [27] and
the reference quantile-quantile lines. T'S bands provide with a bit wider bands for the central regions,
while being more accurate in detecting any anomalies in tail regions.

NSV and AM samples are normal: the corresponding data points are within the confidence bands.
However, we can notice lighter tails for the Hybrid sample detected by the TS bands. Therefore,
we cannot reject Ho-hypothesis for the NSV and AM samples, but for the Hybrid sample normality

assumption is rejected.
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Figure 5.2: Q-Q plots with KS and TS?" confidence bands for NSV, Hybrid and AM samples.

Method II: Subsampling for K-S test
We have also applied the Subsampling method described in [28] to the K-S test, which consists of
checking the goodness of fit, where nuisance parameters are firstly estimated on the whole sample.
The sample is then partitioned into M subsamples of equal size K and goodness of fit is tested
already on simple hypotheses with parameters estimated from the entire sample and confidence
level ®/ps. If any subsample statistic exceeds the reference statistic, Ho-hypothesis is rejected. The

overall confidence level of such a procedure is «.

Method | « | M | K | maxD, | Da/, (K) | Reject Ho-hypothesis
NSV 0.05 | 20 | 2525 | 0.02586 0.03638 no
Hybrid 0.05 | 9 | 4500 | 0.02560 0.02557 yes
AM 0.05 | 20 | 2525 | 0.02432 0.03638 no

Table 5.2: Results of subsampling test for normality [28] for NSV, Hybrid and AM samples.
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Parameters and results are shown in Table 5.2, where D is the K-S estimated statistic of the

subsample i and D, (n) is the reference critical value for significance level « and n trials.

The graphical check and Subsampling method give the consistent result that normality assumption

is rejected only for the Hybrid sample.

Since for NSV and AM samples we can be assumed to exhibit normality, we perform Student’s
t-test, to check whether these two samples are from the same population. To do that, we first check
consistency of the variances by Fisher’s test implemented in var.test (), package stats in R . The

hypotheses are

2

g
Hy: 2w =
AM
0,2
. NS
Hy: v 41
AM

Test results are shown in Table 5.3. Hence, we do not reject Hy-hypothesis and assume consistency

of the variances of the NSV and AM samples.

F @ P CI Reject Hy-hypothesis
1.003 | 0.05 | 0.734 | [0.9857,1.0207] no

Table 5.3: Results of Fisher’s test for consistency of variances of NSV and AM samples.

Student’s t-test is implemented in t.test() function, package stats. Assuming equality of the
variances, we check the following hypotheses
HO : Hnsy — Man = 0

Hl : Hnsvy — Han 7é 0

The results of this test are shown in Table 5.4. Thus, Hy-hypothesis cannot be rejected and we
assume that Adaptive Mesh method provides the result consistent with exact stochastically simulated

sFK process.

t « D CI Reject Hyp-hypothesis
0.3861 | 0.05 | 0.6994 | [—0.000138,0.000206] no

Table 5.4: Results of Student’s t-test for means of NSV and AM samples.

Since the Hybrid sample failed to pass the normality test and we cannot use Student’s t-test,
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we instead use Wilcoxon-Mann-Whitney two-samples test (wilcox.test(), package stats). The

hypotheses are

Hy: NSV and Hybrid method samples are drawn from the same distribution.

Hy: NSV and Hybrid method samples are from different distributions.

Test results are shown in Table 5.5. Since p is less than the significance level a, Hy-hypothesis is
rejected, i.e. developed Hybrid method is not consistent with the exact stochastic simulations by

NSV method.

W « D Reject Hyp-hypothesis
1013500000 | 0.05 | 0.02063 yes

Table 5.5: Results of Wilcoxon-Mann-Whitney test for NSV and Hybrid samples.

To summarise, the two performed tests, as well as the graphical examination of distribution of the
front propagation speeds of NSV, Hybrid and AM methods, confirmed the original assumption that
AM method is consistent with the exact stochastic simulation method, but the Hybrid method is not.
Even though the average wave propagation speeds for the Hybrid and exact NSV simulations differ
by less than 2%, the deterministic part of the Hybrid method reduces the variance and produces a
sharper wave speeds distribution with lighter tails than ones of NSV method sample. The Hybrid
method here was tested with overlap region size |O| = 4R,. Results for |O| = 2R, were obtained,
but not included into the work, since front propagation speeds distribution was even sharper, i.e.
less consistent with NSV method. Adaptive Mesh method is still in a sense exact, since during
mesh adaptation the total molecule number is preserved and the whole process is governed by the
same NSV method, so it is not surprisingly that we obtained compatible statistics for NSV and AM

methods.

5.2 Computational Performance

Since computational performance estimators are not influenced by the boundaries (this influence
was important before because we were comparing front propagation speeds strongly influenced by

nearby boundaries), we can simulate the convergent sFK process with the same initial condition. The
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simplest choice is the initial condition shown in Figure 3.6, due to its suitability for all three methods.

Macroscopic parameters for each method are taken to be similar, method specific parameters are

the same as in simulations in previous sections. For convenience, all the parameters are summarised

in Table 5.6. Initial mesh for all the methods was taken uniform with the mesh size specified in

Table 5.6. For each method we run 500 numerical experiments for final time ¢ f;nq; = 50.0.

Parameters
Macroscopic D A K R, | tgna1 | Initial mesh size
P 4o—5 | 1.0 | 100.0 | 0.02 | 50.0 T = 0.005
NSV, method-specific _
i i hq Iy ra 10| _

Hybrid, method-specific 0005 T 0F 05 1R

. AS | thry, | thrp, | thry | Amin | Pmaa Romazs
AM, method-specific 0.03 | 0.0 | 05 | 0.8 |0.004 ] 0.004 | 0.009

Table 5.6: Macroscopic and method-specific parameters used for comparing computational perfor-

mance of the methods.

In Figure 5.3 we show the histograms of CPU-times for the three methods. Mean values, standard

deviations are indicated below each plot, and dashed red lines show 25%, 50% and 75% quantiles.
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Figure 5.3: CPU-times for the three methods. Red dashed lines show 25%, 50% and 75% quantiles.
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The Hybrid method turned out to be the fastest one, as expected, with the mean CPU-time of
pg = 0.7218. With the Adaptive Mesh we still save a significant amount of computational time,

since mean CPU-time of the exact NSV method is almost 5 times larger than the one of AMM.



63

Chapter 6

Summary and Conclusions

In Section 1.3 we gave a brief outline of the purpose of this work, now, when all the investigation
in comparison between Hybrid and Adaptive Mesh methods has been done, we can summarise our
results, provide with conclusions and give an overview of possible future work that can be done

based on the results of this work.

6.1 Summary

We began this work with the aim of modelling Fisher Kolmogorov stochastic process on the
mesoscale. Almost immediately we encountered two problems: convergence issues of Reaction Diffu-
sion Master equation and computational complexity of stochastic simulation methods. These issues
are not specifically connected with sFK process, which was taken just as an exemplary one. Every
stochastic process with reactions of order greater than one (bimolecular, trimolecular and etc.) is

afflicted with such issues.

The first issue was solved in Chapter 2 by using the convergent formation of the stochastic reaction-
diffusion systems proposed by [9], which involves introducing non-local bimolecular reactions between
any voxels within a reaction radius. We formulated transition rates, modified accordingly propen-
sities functions and showed by numerical experiments that our Non-Local FK system is consistent

with the derived macroscopic mean-field IPDE.
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However, accounting for non-localities in molecule interaction only exacerbated the second prob-
lem of computational efficiency. Even though, sFK process was modelled using Next Subvolume
method which is a much more efficient implementation of the exact SSA, simulations were slow
when small reaction radius forced us to use small lattice size to capture well the system behaviour,
thus prompting the need for developing new methods of simulating stochastic systems with non-

localities.

The first method we consider is a Hybrid method with Adaptive Interfaces developed in Chapter 3.
Roughly speaking, the algorithm is based on the idea of splitting the domain into macroscopic and
compartment-based overlapping subdomains and consistency of the flux across the interfaces was
achieved by approximating incoming fluxes from the subdomains into each other. A mechanism of
interfaces adaptation was developed for problems with travelling-wave solutions, where it is possible
to determine the wave front position and move the interfaces as the front propagates. The method
showed high numerical efficiency and accuracy in mean wave propagation speed with the exact NSV
method. However, incorporation of deterministic subdomain reduced random fluctuations of the
system that are an intrinsic characteristic of any stochastic process, variances of front propagation
speeds of the exact simulations and Hybrid algorithm differ significantly. Another expected disad-
vantage of any hybrid method developed for a stochastic system with non-localities is the difficulty
in its implementation. If the system is highly spatially inhomogeneous, a single pair of interfaces
would not be enough. Introduction of multiple interfaces has not been developed by us, since it was
not the main focus of the work. However, the application of the method to more complex mode

would require its implementation with multiple interfaces.

The highlighted disadvantages of hybrid algorithm led us develop methods for stochastic modelling
on non-uniform meshes with mesh adaptation algorithms. Such methods are naturally free of many
problems that plague the implementation of Hybrid algorithm. Non-uniform meshes can capture all
the spatial inhomogeneities of the stochastic system, there is no need in mixing fluxes from different
descriptions, as we had to do in Hybrid method, and factual method implementation can be done
in a clearer and more elegant way. Such method was developed and justified in Chapter 4. The

Adaptive Mesh method cannot compete with Hybrid method in computational efficiency, since it
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is still based on the exact stochastic simulation method. Nonetheless, compared to the exact NSV
method we achieved great reduction in computational time, while still preserving the accuracy of

the simulations that was lost for the Hybrid algorithm simulations.

6.2 Conclusion

We fully achieved the goal set in the beginning of the work in successfully developing and com-
paring two different methods of simulation stochastic system on the mesoscale. The conclusion of
this work is based on the results of Chapter 5 where we checked statistical accuracy and compu-
tational complexity of Hybrid and Adaptive Mesh algorithms as well as on the general impression

from working with two methods.

We claim that the proposed AMM showed better accuracy when applied to modelling Non-Local
sFK process than its hybrid counterpart. In the Hybrid algorithm stochastic fluctuations are signif-
icantly reduced, even if the overlap region, where compartment-based and macroscopic descriptions
are both valid, is taken wide enough to cover abundantly the moving front. This overshadows much
better computational performance of the Hybrid method compared with AMM, that entirely pre-
serves the innate stochastic features of sSFK process. Moreover, compared to the only known to us,
already existing Adaptive Mesh work [13], our AM algorithm preserves the total molecules number

during the procedure of mesh adaptation.

6.3 Future Work

The Adaptive Mesh framework opens us a wide range of possible paths for future work that we

can explore. We list most interesting for us here.

e Extension to 2D by appropriately modifying reaction propensities to account for two-
dimensional diffusion and bimolecular reactions. Unlike the Hybrid algorithm, the AMM

is relatively straightforward to extend to higher dimension.

e Moreover, we aim at applying the AM method to multi-species systems. The difficulty here

would be in determining conditions for species interaction if they are modelled on different
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non-uniform meshes, because, in general, each species has different spatial inhomogeneities

and it is impossible to capture them by the same for all species non-uniform mesh.

e We are especially interested in Turing pattern formation on compliant domains. Since mod-
elling of stochastic processes of domain deformation takes some computational resources, Adap-
tive Mesh method may suit well to efficient modelling of such systems. However, we first
should explore different alternatives for mesh adaptation criteria, i.e. conditions for proce-
dures Unite() and Divide() to fire, because typical pattern formation system do not have

travelling wave solutions and exhibit more complicated behaviour.

In principle, the Adaptive Mesh concept is a promising alternative to more difficult in implemen-
tation and often less accurate hybrid methods coupling mesoscopic and macroscopic descriptions, so

we intend to use it as a basic routine to model stochastic processes on mesoscale.
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Appendix A

Stationary Solution of the Non-Local FK Equation

Here we consider the Non-Local FK equation (2.3) with boundary and initial conditions (2.5)-(2.6).

Let us state them here again

n 2n l
G @) = D0 + (o) — (e ) [ b~y t)dy (A1)
on on
5 bty =5-(.1) =0 (A.2)
n(z,t =0) = ¢(x) (A.3)

where b(x) is a symmetric kernel.
In order to show that starting with an arbitrary initial condition (A.3), n(x,t) — % = n*, firstly,

we consider the auxiliary problem of finding eigenfunctions and eigenvalues of a Fredholm first-kind

integral equation

1
/_l b(z —y)v;(y)dy = Ajuj(x), j = —00,00 (A.4)

The eigenfunctions and eigenvalues of (A.4) [29] are

1 inje ! imjz
vj(z) = —e T, Aj = /lb(z)e = dz, Jj = —00,00

oo

where z = z —y. Such {vj(x)}32_,, forms a full orthonormal system of functions, i.e.
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1
/ v (z)vj(z)de = &;; for a complex conjugate v} (x) of v;(x) and satisfy boundary condition (A.2).

-1
Then the solution of (A.1) - (A.3) could be represented as an infinite Fourier series with respect to

eigenfunctions of the kernel b(z — y)

oo

n(,t) = Y cm(t)om(z) (A.5)

m=—0o0

and the initial condition then specifies the Fourier series for the function ¢(x)

o

d(x) =n(zx,t =0) = Z Cm(t = 0)vy,(x Z & v (
m=-—00 m=—oo
The Fourier coefficients can be found from the condition of orthonormality of the system of eigen-

functions {v, (z)}5°

m=—oo

1 1
ci(t) = /4 vj (z)n(z,t)dz, c? = [lv;(x)(b(as)dz, Jj = —00,00

with clearly ¢;(t = 0) = .

Now by substitution of (A.4)-(A.5) into (A.1) we obtain the following

%(x,t) = D%(x,t) + An(z,t) — pun(x,t) Z ek (t)vg(z) . (A.6)

k=—o0

Let us multiply the last equation by v (x), integrate over  and consider the last term in more detail

l 00 1 ) oo
[ | <v;(x)n(x,t) 3 )\kck(t)vk(x)> dz A9 [ l ('U;(x) S cnltomlz) S )\kck(t)vk(x)> dz

k=—0o0 m=—o00 k=—o0

1

vi(z)vg(z)=-"4vi_.(x)
:/ < Z Z Cm 'Um )\kck() (x)vk(x)> dx ! * v "

o0

Z Z AieCon () e (t /U;Lk(x)vm(x)dx:\/% Z Z ACrm (B)eg (E)om, j — k

k=—o0c0 m=—00
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Similarly,

/_l | (v;(x)gz’j) d A /_l | (v;‘(m) > cm(t)v;;(x)> = Y (“;”)ZCm(t) /_ llv;(x)vm(x)dx

Then from (A.6) we obtain a system of Cauchy problems for the Fourier coefficients c¢;(t)

N\ 2 [e'e]
() — ™ . () P . S
G0 =-0 (%) 60+ X M), j=Tmm D
ci(t=0)= c(; (A.8)

To deal with infinite series in (A.7) [30], we consider the solution of the form ¢;(t) = ¢o(¢)d;o. Thus,

the function cg(t) has to satisfy

ww;mw—%fw%m, (A.9)

co(t=0)=c} (A.10)

The solution of (A.9) - (A.10) is well known and has the form
chert

= Xocd
14+ T2 (M —1)

Co(t)

9

where
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Therefore, the final solution of (A.1) - (A.3) is

At
e

\ﬁ+>\ocou(ext 1)'

n(x,t) = co(t)vo(x) = (A.11)

All the computations above have been performed for an arbitrary kernel function. In case of uniform
probability for choosing a voxel for a bimolecular reaction of annihilation b(z) = ﬁ]ln(x), R(z) =

{z s.t. || < Ro+%}. Then

l
Ao = /_ )z = g / r(z (fR: 2

since the birth rate A > 0, we can obtain a stationary solution for the molecule density n(x,t)

t—o00 2Ra )\
—_ — — . A12
n(et) ¥ e (A.12)

2R, h—=0 2R
m(RN)

a

R = 1.

For small mesh sizes and domain length much bigger than the reaction radius

Hence, we recover n* in the stationary state for (A.1)-(A.3).
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Appendix B

Map Generating Non-Uniform Mesh around Critical Points

In Chapter 4, Sections 4.2 meshes were randomly generated with a given prescribed number of
voxels. However, in the general Algorithm 4, Line 2, at the procedure of initialisation, we aim at
capturing the spatial inhomogeneities of the initial molecule distribution ¢(x). As in Chapter 3, we
can find a vector of critical points xg € R™, m > 1, and employ a map 7x, to generate initial mesh,
where K is the predetermined number of voxels in the non-uniform mesh, and domain Q = [a, b].

We first introduce a definition

Definition B.0.1. We call a map f interval-non-decreasing if for all 1 < zo < x3, f(z2) — f(z1) <
flxs) — f(x2). Similarly, f is interval-non-increasing if for all 1y < zo < 3, f(xs) — f(z1) >
f(x3) — f(x2).
o

If we introduce interval bounds y; in Voronoi partitioning style, i.e. y; = I{ﬁg i , with yo = a and
Ym+1 = b, we can divide 2 into two subsets

m m—+1

- )
D= =™, 1= =) (B.1)
§=0 j=1

Then we assume the map vy, must fulfil:
19 ~,, is an one-to-one map from a subset of natural numbers [1, K] onto the domain Q = [a, b];
20 ~,, is strictly monotonically increasing with vy, (1) = a and ~x, (K) = b;

39 1y, is interval-non-increasing in ;' (D) and interval-non-decreasing in vy ' (I);



76

4° the number of voxels in each subinterval Y; = [y;_1,y;] is proportional to its length, i.e.

e (V)]
124 o

Yol for all j =1,m+1;
Remark. Uniform mesh map vy, (j) == a+ (j — 1)h, where h = (b_“)/(K,l) is the uniform mesh size,
satisfies all the assumptions 1° — 49, thus, is a particular case of general mesh-generating maps.

The law of interval-increase/interval-decrease can be arbitrary. For instance, linear or exponential.
Nothing prevents us from exploring different alternatives that capture better the inhomogeneities
of the initial molecule distribution: the main idea is that mesh element size must decrease when

approaching a critical point and increase as moving away from it.

In Chapter 4, Section 4.2, we explore one possibility given by Vx5 : [1, K] C N — [a,b] C RT
defined as

o) = a+ (b — a) {0.5 o [sc 1 Bsinh (czfj{ b (1 - ;{))] } (B.2)

where

b—a

¢1 = asinh (— ’”*gK), ¢y = asinh (K?f>

o = 2K (xo—a - 0.5)

The density of mesh refinement around critical points xq is controlled by the parameter 5. As « is
let to grow, 7x,,3 generates more uniform meshes. Figure B.1 shows partitioning of a step function
approximation for four different values of a. The position of wave front was taken as the critical

point.

If m > 1, i.e. we have multiple critical points, Vai 5, CAL be applied recursively for all j = 1,m,

with §; not necessarily equal. An illustration for three critical points mesh is shown in Figure B.2.
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Step function on a non-uniform
meshes generated wusing the map
Vxo,8(J) for different parameters S
around its critical point xg = 0.3.
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Figure B.2: Non-uniform mesh generated
on Q = [0,10] for three critical
points xo = {2, 4, 8}. Vozels
number is K = 50 and 8 = 2.
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Appendix C

Supplementary Material

As supplementary material, we provide total molecule masses obtained during numerical simula-

tions by all three methods.

The data are included in one R data-file that can be downloaded from the link [25]. The data-set
contains 4 data frames of 500 realisations of each method (exact NSV method, Hybrid method with
double- and quadruple-radius overlap regions, Adaptive Mesh method). Each line of data frames

represents total molecule mass evolution corresponding to a single numerical experiment.

Wave propagation speeds can be computed, using these data, by Eq. (2.8). Carrying capacity for
all experiments was K = 100, time intervals in the formula denominator were equal to 0.2 for NSV
and AM simulations and 0.5 for both versions of Hybrid simulations. It is vital to remind that for
NSV and AM simulations initial molecule distribution was taken as a pulse function centred in the
centre of the domain, so wave front was propagating in both directions concurrently. Therefore, for

NSV and AM samples, front propagation estimates should be additionally halved.
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