4. RESONANT DOUBLE-HOPF BIFURCATIONS OF 1:1
AND 1:3 TYPE

e [nternal resonance occurs when the critical frequencies are rationally
linearly dependent. E.g., two frequencies are internally resonant if
ko +ko,=0, with k,€Z ie. @, =ra,reQ .

e The frequencies are nearly-resonant when k@, +k @, =0(€). In this case
one has to introduce a small mistuning as a further control parameter.



EXAMPLE: RAYLEIGH-DUFFING COUPLED OSCILLATORS IN
1:1 OR 1:3 INTERNAL RESONANCE

X—Ux+@’x+bx’ +cx’ —b,(y—x)> =0
Yy=Vy+@,y+b,y’ +cy’ +b,(y—x)’ =0
where:
W, =0+, @, =rw, o=0()

in which the detuning O is the third bifurcation parameter.



Re(A1)=Re(A2)=0

Ke

Parameter space and bifurcation loci

QO Note: The internal resonance has no effects on the linear stability of an
equilibrium point, but it affects the nonlinear behavior.



¢ Perturbation equations:

By following the same steps of the non-resonant case, we get:

2 2
80.{d0x0+a)1x0—0

dg Y, +@y, =0
( d(z) X+ a)lle =-2d,dx, + ¢ dyx, —b, (doxo)3 - ng +by(dyy, — doxo)3

: d(z) N +@22Y1 =-2d,d,y, +vd,y, _bz(do)’o)3 _Cyg —by(d,y, _d()x())3

03

—20,0y,

¢ Generating solution:

{xo = A (,,1,,...) €™ +c.c.

Yo =4, (tl,tz,...) e' ™"+ c.c.



e £-order:
» equations:

The harmonics (@, @,;3@,,30,,®, L20,,20, T @) arise:

( d(2) X+ w12x1 = f1,1 e + f1,2 &' + f1,30 ™M+ f1,03 e
+f1’21 ei(2w1+c?)2)t0 + fl,jl ei(c?)2—2a)1)t0
+f;, €T fit e/ P2 4 e
3 T @22 Vi =1 e + Jaz e + Ja0 e + Jros e
+f2,21 ei(2a)1+c?)2)t0 + f2,§1 ei(c?)z—Za)l)to

+f ei(2@2+a)1)t0_|_ ei(26?)2—a)1)t0+cc
2,12 .C.

2.12

where:



fiy==2iw d, A +iouA —3lc+io’ (b, +b)]A’ A —6ib,m@; A A, A,
fon ==2i@,d, A, +@,(iv-20)A, = 3[c+iw; (b, +b,)]A; A, — 6ib,@ @, A A A,
fi, = 6iby@} @,A A, A +3ibyan A A, f,, =3ib,@ AT A +6ibyw,@; A A, A,
fiy0 =[—c+i@) (b, + D)4}, [y =—ib& A
fros =—ib @A, fo =[—c+iam; (b, +b,)]A;
fin ==foz =B ,AL Ay, [ =—fyq, =3ibw @, AL A,
fin =—fon =3iW@AA;,  fir, =—for, = —3iby@@; A A;

» Zeroing secular terms:

In a first-order analysis it does not need to compute all the f-
coefficients, but only the resonant ones. By inspection:

f1,1 + 5r1(~f1,2 + f1,2T + f1,12) +0 3f1 21 =0
fz,z + 5r1(f2,1 + fz,zT + fzjz) + r3f2,30 =0

where O, is the Kronecker symbol (J, =1if r=k, 6, =0if r#k).



m The r=1 case

The complex AME read:

( 1 3 ¢ — —
d A = > UA, +5[z;— (b, +b))®’ 1A’ A —3b,w] A AA,
1

+3b06()12A1Z1A2 +%boa)12A12‘Kz _%boa)lzlzlAZ2 +%b0w12A221KZ

dA = (%v +io)A, +%[i§— (b, + b)) TAZA, —3ba’ AA A,

1

+3b,0’ A A A, +%b00)12A121K1 _%bowlelzgz +%b0wlzglA22

in which @, = @, has been considered. By absorbing the parameter ¢, using

the polar representation and separating the real and imaginary parts, four real
bifurcation equations follow:



a, = % Ha, —%(bo +b)w’a’ —gboa)f[2+ cos(26, —26,)la,a,

+§b00)12“12a2 cos(6, —6,) + %bowfag cos(6, —6,)

a, = %Va2 - g (b, +b,) w0} a; —%boa)f[Z +cos(26, —26,)la’a,

+ g byw}a; cos(6,—6,)+ % byw}a,a; cos(6, —6,)

<
a6, = 3¢ a’ +§b0a)12a12a2 sin(6, - 6,) + %boa)fa;’ sin(6, —6,)

8 w,

- % b,w}a,a; sin(26, —26,)

a,6, =oa, -I—%%a; +§boa)12al3 sin(6, - 6,) +§b0a)12ala§ sin(6, - 6,)
1

- % b,w}ala, sin(26, —26,)

Q Note: the real-amplitude equations are coupled with the phase-
equations .



Since phases appear as a linear combination, we introduce a phase-
combination:

y =6 -0,

and recombine the phase-equations according 7 = 91 - 92 . We obtain:

> three RAME in the state-variables {a,,a,,7}:

-

a, = % Ha, —%(b0 +b)w’a —gboa)f[2+cos 2¥a,a;

9 3
+§b0a)12a12a2 cos ¥+ gboa)faj cos ¥

a, = %V% —%(bO +b)o’a —%boa)f[2+ cos 2y]ala,

3 9
+§b0a)12a13 COS ¥+ gboa)fala; cosy

, 3 ¢ : 3 : c
6,a,) = =0 aa, +o (51 +b,@; sin2y)a’a, + p (by@} sin 2y — a)alai

-2p0iatsiny - boiaial siny - bolasiny



»two phase-equations:

e

. 3¢ 3 : 3 : :
a6, ==—a’ +=b,w’a’a,sin y+=b,@’a, sin y—=b,w’a,a; sin2y
8 w, 8 8
3
: 3 c 3 : 3 : 3 :
a,0, =0a, +g—a§ +=b,@’a;’ sin 7/+gb0a)12a1a22 sin y—gboa)fafaz sin 2y
a)l

\

Once the RAME have been solved, the phase-equations can be integrated
by quadrature.

a Note: while the RAME of a non-resonant system are pure-amplitude
equations, those of a resonant system are mixed-amplitude-phase
equations.

10



m The r=3 case

In a similar way, the complex AME are found to be:

e

| 3 .c — _
d A = 5 LA, +5[z - (b, + b))’ 1A’A —27b,w’ A A A, —

1

4 1

in which @, =3, has been substituted.

9

2

| 1 _.c _ _
d,A, = (EV +i0)A, +5[z;— 27(b, + b)) 1A; A, —3b,@’ A A A —

bO a)lz le AZ

1

g bo a)lz A13
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After parameter reabsorbing, and use of the polar representation, we obtain
four real bifurcation equations:

-

a, = %,ua1 —%(bO +b)w’a; —2747[90(012 a,a; —%boa)fafaz cos(36, -6,)
: 1 27 3 1
a, = EVCZZ —?(bo +b2)a)1261§ —Zboa)lz alzaz —aboa)lzaf (308(381 — 82)
b 3 C 3 9 2 2 .
a6, =——a, +—=b,w;a; a,sin(36,—-6,)]
8 W, 8
: Il ¢ ;5 1 5 3 .
61202 =oa, +§;1 a, _ﬂbo@ a, 8111(391 — 92 )]

They suggest the following definition for the phase-combination:

y =36 -6,

12



» The RAME are:

1 2
a, =—Ma, 2 (by + b))} a; __7]90(012 a,a; _2b0w12a12a2 cosy
2 8 4 8
] 27 3 1
a, = EVaz —?(bo +b2)a)12a§ —Zboa)lzalzaz +a(bo +b1)(0126113 Cos Y
1 1 2
a,a,y =-0a,a, +2ial3a2 ——ialaj +—b,wa, sin 7/+—7l906012afaz2 sin Yy
) 8 o, 24 8
» The phase-equations are:
a,0 = éiaf +2190a)12azfaz2 sin y
8 W,
3
: 1 c 1 :
a292 =oa, +§;1a§ —aboa)faf sin Yy

\
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® Response (r =1,3 cases)

After integration, the RAME furnish a,(?),a, (), y(f) ; successively, the phase
equations give 6,(¢),6,(f) . The response read:

x=a,(t)cos(P,(t))+ h.o.
y =a,(t)cos(P, (1)) + h.ot.

where:
D (t)=wt+6(t), P,()=w,t+6,(1)

are total phases.
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m Steady-state solutions and fixed points of RAME
e The RAME, are of the following type:

e

a, = F(a,a,,y)
a, =Fy(a,a,,y)
kalazj/:G(al’aZ’?/)

.

and phase-equations are of the type:

{alél =H\(a,,a,,7)
azéz =H,(a,,a,,))

Q Note: The RAME can be put in the standard form z = F(z), with
z:=(a,,a,,y),if and only if a, #0, a, # 0 (complete solutions).

Q Note: in incomplete solutions (@, =0, and/or a, =0), the phases of the
zero-amplitudes remains undetermined; however, they are inessential.
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e The fixed points (q,,,a,,,¥,) =const of RAME are solutions of:

rFi(als’aZS’ys):0
K (ay,a,,7)=0
L G(als’a2s’7/s):()

.

Consequently, the associated phases (if determined) are linearly varying
functions:

0.1)=Kt+6

1s?

0, (t)=K,t+6,

with (x;,, ;) = const the frequency corrections.
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e For a complete solution, we prove that the (non-trivial) fixed points of the
RAME are periodic motions for the original system (for incomplete solution,
this 1s a trivial matter). Indeed:

> a constant phase-difference:
y. =16, -6, =r(k t+6))—(k,t+6))=const  r=1,3
entails a relation between frequency corrections and initial phases:
rig, K, =0, 16, -6, =y,
» consequently, since @, =ra,, the total phases read:
O () =wt+6 t)=(o+k)t+6
O, (=wat+6,()=(0,+x)t+60, =[r(®+kK )t+6)]

1.e. the nonlinear frequencies . are in the same integer ratio r as the
linear frequencies wy.:
Q. .=w+kK, Q =0 +kK, =r

K 1s
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The steady response, therefore, is periodic, and it reads:

x=a,(t)cos(L2, t+ 912) + h.ot.
y=a,(t)cos[r(L, t+ 912) —y. ]+ hoit.

Q Note: the phase difference y; is given by the solution; however, an initial
phase, e.g. 6" remains undetermined, since the limit cycle can be

traveled starting from any of its points.
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m Finding the fixed points of RAME
® In the =1 case, the RAME admit:

» (T) the trivial solution:
a,=a,, =0, Vy., Y(u,v,o)

with the phase-difference y being undetermined.

> (P) a number of bimodal (or complete) periodic solutions:
ap =0 (U,V,0), Qyp =0y, (1,V,0), ¥p=Vp(l,V,0)

with associated, determined phases &p and 6,p.
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® In the =3 case the RAME admit:

» (T) the trivial solution:

a, =a,, =0, V., V(U,v,0)

> (M) a mono-modal (incomplete) periodic solution:
ay =0, ay, =a,, V), Vy,
with:

O,y =6, (O.V), V6,

> (P) one or more bimodal (complete) periodic solutions:
ap =0 (U,V,0), Qyp =0, (U,V,0), ¥p=Vp(l,V,0)

with associated phases 6;p and G5p.
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m Stability of steady solutions

It needs to distinguish:

> The steady-solution is complete (s=P): since all quantities are
determined, and the RAME can be put in the normal form z =F(z),

with z:=(q,,a,, 7)), stability is governed by the variational equation:
02 =]J,0%

A zero eigenvalue of Jp denotes a branching of a new periodic
solution; a pair of purely imaginary eigenvalues denotes a branching of

a quasi-periodic solution (i.e. a periodically modulated periodic
motion).

> The steady-solution is incomplete (s=T,M): since ), 1s undetermined,
and the RAME are not in standard form, use of the (not reduced) AME
must be made. Examples are given below.
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e Stability of the trivial solution (r=1,3 cases)

The variation of the AME, based on A,; = A,; =0, reads:

SA = % UOA

SA, = (%v+i0')§A2

whose solution 1is:

SA =JA exp(%,ut), SA, = A, exp[(%v +io)t]

with 5A1, 512&2 constants. The trivial solution is therefore stable when
u<0,v<0.

22



e Stability of the mono-modal solution (=3 case)

> The variation of the AME, based on:

Ay =0, Ay =4, = a2M expli(&,,,t + 020M )]
assumes the following (uncoupled) form:

1
=(R +R, ZajM )OA,

: 1 1 . —
JA, =(C, +C, ZajM )OA, +C, n a;,, expl2i(k,,t+6,,)]0A,
where R, € R,C,; =R, +il; e Care coefficients.

a Note: due to the presence of the frequency correction kv, A,,, # const;
consequently, the second variational equation depends on time.

23



> To render the second equation autonomous, a change of variable 1s
performed:

SA, = 5B, expli(at + B)]

with a, f to be determined. By requiring the coefficients are
independent of time, it follows: ¢ = x>, ; moreover =86, is taken
for simplicity.

> In the new variables, the variational equations read:

SA =(R +R, iaQQM )OA,

. 1 ] —
OB, =(C, +C, ZaQZM —ik,, )OB, +C, ZagM OB,

> Since the equations are linear, a Cartesian representation 1s better
suited:

24



OA = p, +iq,, 0B, =p,+ig,

leading to four real variational equations:

P J, 0 P
4, _ 0 Jy 4
P, Jys Sy || P
q, Jiu Ju)\4q,
where:
R

Jiu=Jp =R +T2a22M
a: a:
J33=R1+(R2+R3)%, J34:—Il+(—12+13)%+7(m

2

a
Jyn =1, + (1, +IS)%—K‘2M, Jyy =R +(R,—R;)

o

2
Ay
4

The eigenvalues (four real, or two real and two complex conjugate),
govern the stability of the M-solution.

25



S. THE 1:2 RESONANT DOUBLE-HOPF BIFURCATION

To study the 1:2 resonant case we again consider the system of the
previous section, but modify the degree of the coupling term from 3 to 2, in
order that the resonance manifests itself at lower order.

EXAMPLE: RAYLEIGH-DUFFING OSCILLATORS WITH
QUADRATIC COUPLING

{X’—,ux+a)12x+b1x3 +cx*—b,(y—%)*=0

Yy=Vy+@,y+b,y’ +cy’ +b,(y—x)° =0

® Rescaling
(1, v) = (g, ev), (x,y) > (Ex,€Y)

26



from which:

{X’+a}12x—8[ﬂx+bo(y—)’c)2]+€2(b15c3 +cx*) =0

Y+@ly—e[vy—b,(y—x)1+& (b5 +cx’) =0
¢ Detuning:

W, =20 +€o0, o=0()

® Series expansions:

(x(t;g)] :(xo(to,tl,tz,---)] +g(xl(to,t1,t2,“-)}+82(xZ(l‘O,l‘l,l‘z,“°)j+m
y(t;€) )’o(tovtlvtzv“') )’1(to’t1’t2"") )’2(to’t1’t2>“')
2

d%:do+edl+€2d2+---, %=d§+28d0d1+82(df+2d0d2)+---

where #, = €“t, and d, :=9d/0k, .



e Perturbation equations:

( d; x, +@'x, =0

id(z) y, +4@’y, =0

[ d2x +ox, =—2d,d,x, + g dyx, +by(dyy, —dyx, )

id(z) y,+4@’y, =-2d.d,y, +vd,y, —b,(d,y, —d,x,)* —dwoy,

A x,+@’x, =—(2d,d,x, +d’x, +2d,d,x,)— b (d,x,)’ —cx

+2b,(d,y, —dyx,)(d,y, +d,y, —d,x, —d,x,) + u(d,x, +d,x,)
e d; y, +4@’y, =—(2d d,y, +d’y, +2d,d,y,)—b,(d,y,)’ —cy;

-2b,(d,y, —d,x,)(d,y, +d,y,—d,x, —d,x,)+v(d,y, +d,y,)

—4woy, - O'zyo
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e (Generating solution:
x, = A (1,,1,,...) " +c.c.

Vo = A, (1,,1,,...)e" " +c.c.

e £ -order:

» equations:
The harmonics (0,®,,2w,,3w,,4®,) arise:

do x, +@'x, = f o+ [, €+ (f,, e+ f e+ f e+ cc)
o HADy, = fro+ o €+ (S, e+ [y e f, e M )
where:
fio=—fro =207 (A A +4AA,)
fi,==2im, d, A +iuwA —4b@’ AA,, f,, =4balAA,
fio=-b@’Al, f,,=—4iwd A +20,iv-20)A, +bw} A
fia=—fos =400’ AA,, f,=—f, =—4bw A
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» Elimination of secular terms requires f,, =0, /,, =0, i.e.:
1 I | 1. >
d, A =2 HA +2DOAA, A =CVHio)A, ~ b oA

> Solution:

x, =2b,(AA +4AA)

1 . 1 . 4 -
_I_(5 b0A12 6216011‘0 . Eb()141142 e315011‘0 + EbOIAZ2 e‘“‘"lto + C.C.)

1 _ _
N = _Ebo (AA +4A,A)

+<§MA2 e"“’”“%boAlAz e”‘"”°—§boA§ et
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» zeroing of the secular terms:
By zeroing the coefficients of the harmonics @, (in the X,-equation) and

2 @, (in the Yy, -equation), and accounting for:

1 . - =
d A :5ﬂd1 A +2ib,w (A, d, A +Ad A)
1 o) . . n 1 2 2 A2 4 2 .32 n
:Z'u A1+b0(()1(2lﬂ+lV—2(7)A1A2 +5b0(01 A1 A1+4b00)1 A1A2A2
4t 4, = Cv+io)d, Ay =~ ib,@ A d, A

= (iv2 +ivo—0’)A, +ib0a)l((7—i,u —%Z'V)AI2 +b§a)12AlZlA2

1t follows:
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3ic 2 3 67

d, A =— it A B pAA+ G TN~ bl AR b0 AA,
80)1 3 2 5
. 2
d, A =— AQ—ib 6u+V—2i0)A’ — 61ib2a)AZA2
? 16w, ° 32 30 0
A 1 —ebw) AR,
4w, 5

® Reconstitution:
By using A =ed A +€d,A (k=1,2) and reabsorbing £ ( after
multiplication of the equations by €, and use of the inverse transformations
EA, = A, E(U,V,0) = (U,V,0)) | the complex bifurcation equations read:
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( . i . J—

A = ﬁ(l_i)Al +b,(2iw, — 1) AA,
2 4,

3ic 2. 3 - 67, A

+(2—a)1—§lb02w1 _Eblwlz)Alel _E boza)lAlAQAz

.1 W

=(—V+10 —

4, (2 16w,

61 — Jic 12, A
g AN (g T O SheDAA
1

)A, —3%190(81‘(01 +64+V=2i0) Al

\

Using the polar representation for the amplitudes and introducing the phase-
combination:

Yy =26,-0,
one obtains:
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»three RAME:

J\

a, = %,Ual +b, (@, sin y—%cos Y)a,a, —gbla)faf

o1 | o. . 3 14 3
a, = Evaz T gbo (@ _Z) sy — (Zlu + g) COS 7]“12 _Ebza)lza;
luz 12
. . 2
a,a,y =(—0 — P + 160, Ya,a, +b,(2w, cos Y+ g sin y)a,a, +
+lb [(w —g) cos ¥+ (E,u +K) sin ¥]a;
g8 ' 4 4" 8 1
3¢ 49 3¢ 7
—( + boza)l)alag +( + 19026()1)6113612

16w 30 4w, 40
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»two phase-modulation equations:

( 2
: 1.
a6, = —éu? a, +b, (@, cosy+ E'U sin y)a,a,
1

67 3c 1
—& bga)lalag + (8— — g boza)l )Cll?)

1
V2 1. o 3 v
a,+—b [(——w )cosyY—(—u+—)sin 2
16(01) 2 3 o[(4 1) )4 (4;U 8) 7/]611

\ 120
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m Steady-state solutions

¢ The RAME admit:

» (T) the trivial solution:

a,=a,, =0, Vy., VY(u,v,o)

> (M) a mono-modal (incomplete) periodic solution:
ay =0, ay, =a,,(V), V),
with:

O,y =6, (0.V), V6,

> (P) one or more bimodal (complete) periodic solutions:
ap=a,,(U,V,0), ayp =0,,(1,V,0), Vp=7p(U,V,0)

with associated phases 01p and 6,p.
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m Stability of steady solutions

e Stability of the periodic solution (s=P):
02 =]J,01

e Stability of the trivial solution (s=T7):

(i M il
SA =2 1-29654
! 2( 4a)1) 1

| v’
O0A, =(=Vv+io— o
| & (2 o 160)1) &
from wich:
. i . | 15
SA =SA exp[% (1—4—';;)t], 54, = 5A, expl(C v +io - 60"

The trivial solution is stable when # <0,v <0.
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e Stability of the mono-modal solution (s=M)

» By accounting for:

1
Ay =0, Ay, =4, = aZM eXp[l(Kth+Hz()M )]

the (uncoupled) variational equations read:

1 1 . —
=(C, +1, ZaZZM)é'Al +C, Eam expli(k,,t +6.,,)]0A

5A2 =(C,+C, %aZZM YOA, +C, %azzM exp[2i(k,, t+6 M)]§A2

> By introducing the change of variable:
OA = 0B explilajt+ p)], 0A,=0B,expli(a,t+ 5,)]

and requiring the coefficients are independent of time, it follows:

1 0 0
05_5 s O =Ky 181 92M’ 182 92M
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> In the new variables, the variational equations become:

(. 1 1. 1 _
OB =(C +1, ZajM —EZKZM)5BI +C, EaZMéBI

: 1 1 _
0B, =(C,+C, ZagM —ik,,, )OB, + C, ZaZZM OB,

> By letting:
O0A =p,tiq, OB,=p,+iq,

they assume the form:

Py Ji i P
q, _ o Iy 9
p; Jy3 || P
q, Jis Ju )\ q,

The eigenvalues of J decide on stability.
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