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Double Hopf_r12.nb

Double Hopf in 1:2 resonance

Modification of "Perturbation Methods with Mathematica', by Ali H.Nayfeh and Char - Ming Chin; email: anayfeh@vt-
.edu - cchin@vt.edu

Double Rayleigh-Duffing oscillator in nearly 1:2 resonance. MSM.

ql—ﬂql+w%Q1—bo(qz—ql)2+b1Qf+Cq§=0
G~V +wigp+Dby (- G)° +bya+cs=0

Wy ~ 2w

Time scales and definitions

Time scales

Synbol i ze[Tg]; Synbolize[T,]; Synbolize[T.];

ti meScal es = {To, T1, T2};
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Uncomment the following if you want to display {x;, yi} instead of {ay,, 0z;}

displayRule = {q_; ; “—)[__] = Row[{Ti nes ee Mapl ndexed [di};1;-1 & {a}], x; }].
0_y; @ [__1: Row[{Ti nes ee Mapl ndexed [di3j1;-1 & {a}], v; }]
A @1 Row[{Ti mes ee Mapl ndexed[di;p; & {a}], A }].

1, [L_1=»X, 0, [__ 1=y, Aj [__1=»A };

Equations of motions and resonance conditions
Equations of motion

EOM= {g1" ' [t1-wuar [t]1+wi®dalt]+cqult]®+bigr’ [t]1%-bo (42" [t]-0q1’ [t1)?==0,

Q' [t1-var' [t1+ @ Galt]+cqalt]®+baay’ [t13+bo (d2' [t] -0’ [t])2 ==
o}; EOM// Tabl eForm

wiaut]+cault1®-p (q) [t]1+by (qu) [t13-bo (- (A1) [t]+ (G2) [t ])%+ (qu) " [t] =
W ga[t]+Ccaz[t13-v (qu) [t] +by (G2) [t]13+bo (- (q1) [t] + (G2) [t])%+ (G2) " [t] =

Ordering of the dampings
snmorzrule = {v->€ev, u->¢€u};

Scaling of the variables

scaling = {q1[t] ->eqi[t], g2[t] ->eq2[t], q1i' [t] ->eqs’ [t],
Q2" [t]1 ->eq2" [t], g1" ' [t]1->eqs" " [t], 92" " [t] ->eq2" "' [t]}

{Qut] »eqult], Qz2[t] »eqz2[t], (qu)"[t] »>e€ (qu)"[t],
(@2)"[t] »e (@) [t], (Qu)7[t] »>€ (qQu)”[t], (q2)"[t] > € (Q2)" [t ]}

Definition of w, (introduction of the detuning)
onbrul e = {52 -> w2+ea}
{52 Seco+ wg}

Definition of the expansion of g

solRule =q; -> (Sum[e' "t q i1, #2, #3], {j, 3}] &);
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Thisistheresult of "multiScales’ and "solRul€e":

gi[t] /. nultiScales /. sol Rule /. displayRul e
X0+€X1+€2X2

Max order of the procedure

maxOr der = 2;

Modification of the equations of motion: substitution of the rules.

EOVa = (EOM/. scaling /. multi Scal es /. snorzrule /. onbrule /. solRule // Tri gToExp //
ExpandAl 1) /. €"-/"38 _5 0;

Separation of the coefficients of the powers of €

eqEps = Rest [Thread [Coeffi ci ent Li st [Subtract ee #, €] ==0]] &/@EQOWVa // Transpose;

Definition of the equations at orders of € and representation

eqOrder [i _]:= (#[[1]] & /@ eqEpS[[1]] /. O_y o= Ok i-1) ==
(#01111 & /@ eqEpS[[111 /. O_ o -Gk i-1) - (#[[1]1] & /@ eqEps[[i 11) // Thread

eqOrder [1] /. displayRul e
eqOrder [2] /. displayRul e
eqOrder [3] /. displayRul e

{d3xo +Xo wf =0, diyo +Yyows =0}

{dfx1 +x1 wf = udoxo - 2 do d1Xo + doXo? bo - 2 doxo doyo bo + doyo? bo,
d(z)yl +¥Y1 w% =V doXo -2 do dlyo - doXo2 bo +2 doXo doyo bo - d0y02 bo -2 oYo u)z}

{d%XZ + X2 (JJ% ==

pdoX1 +pudiXg -2 do diXy - d%Xo -2 dg daXg + 2 doxg dox1 bg - 2 dox1 doyo bo - 2 doXo doy1 bg +
2 doyo doy1 bo + 2 doxo d1Xo b - 2 doyo dixo bo - 2 doxo d1yo bo + 2 doyo d1yo bo - doxo® by - ¢ x3,
d%yz +Y2 w% =V d0X1 +V d1X0 -2 do d1y1 - d%yo -2 do dzyo -2 doXo d0X1 bo +
2 dox1 doYo bo +2 doXo doy1 bo - 2 doyo doy1 bo - 2 doXo diXo bo + 2 doyo d1Xo bo +
2 doXo d1yo bo - 2 doYo d1yo bo - doyo® by - 0? yo - C ¥ -2 0 y1 wa |

Resonance condition

ResonanceCond = {wl == %wz};

Involved frequencies

onglLi st = {w1, w2};
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N

First-Order Problem
Equations (=0)

linearSys = #[[1]] & /@ eqOrder [1];
|'i near Sys /. di spl ayRul e // Tabl eForm

d%Xo + Xo w%

d3yo + Yo w3
Formal solution of the First-Order Problem
sol 1l = {qlvo -> FUnCtiOﬂ[{To, Ty, T2}, Ac[T1, T2] Exp[l w1 Tpl +K1 [Ty, T21 EXp[-] w1 To]],
02,0 -> Function[{To, T1, T2}, Ax[T1, T2l EXp[l w2 To] +A2[T1, T2] EXp[-1 w2 Tol]}

{g1,0 > Function[{To, Ty, T2}, Au[Ty, T2l Exp[iws To] +AL [Ty, T2] Expl-i w1 Tol],
2,0 > Function[{To, T, T2}, Ao [Ty, To] Expliwz Tol +Ax[T1, To] EXp[-iwz Tol ]}

Second-Order Problem
Substitution of the solution on the Second-Order Problem and representation

order 2Eq = eqOrder [2] /. sol 1 // ExpandAl | ;
order2Eq /. di spl ayRul e
{d(z)Xl + X1 w% = 2ielTow diAj wg +2 1 e itTow di1A wy +
ieiTowluAlw]_—eZiTowl A% bow%+2@iT°w1+iT°wz AL A bg wy wz—eziTO“’ZA%bowg—
L —~ ~ L ; ~ 2 =2
1e lTowl/,lw]_A1+2A1 bow%A]_—ZelTOwlﬂToszzbowlszl—e211—0“)1 bow%Al—
. . _ _ » » . Py _2
2e'Tour-iTou2 A bgwy wp Ap +2Agbg w3 Ay +2 et Tor i Tova gy wy Ay Ap — @22 T0%2 g Wi A,
d%yl +y1w§ ::iejT°w1VA1w1+eij°w1 A% bow%—ZiejTowz d1A2w2+2j.eij°w2 dlﬂzwz—
2etTov2 g Ay -2 et To¥r i o2 A Ay by wy wp + @28T0%2 A bhgwd -1 e Tov vy Ay -
_ . . _ 5 _2 . _
2A1bow%A1+2‘e1T°w1+lT°w2A2bow1w2A1+e21T°w1 bowiAl—ZelT°w20w2A2+

. . _ _ . . o Py )
2 et Towr-iTow, Ay bo wy wor Ao -2 As bg w%Az—Ze iTowy-1Towz bo w1 wp A1 A + @ 21Ty w, bo (U%Az}



Double Hopf r12.nb

expRul el[i ]:=Exp[a_]:>Exp[Expand[a /. ongRul e[[I]1]1] /. € To -> T1]

Terms of type € 1 To in the first equation of the Second-Order Problem and representation

ST11 = Coefficient [order 2Eq[[#, 2]] /. expRul el[1l], Exp[l w; Tol] & /@ {1};
ST11 /. di spl ayRul e

{—2jd1A1w1+Ji/,zA1w1—2A2bow1wzﬂl}

Terms of type € “2To in the first equation of the Second-Order Problem and representation

ST12 = Coefficient [order 2Eq[[#, 2]] /. expRul el[2], Exp[l w2 To]] & /@ {1};
ST12 /. di spl ayRul e

{—A% bo w%}

Terms of type € 1 To in the second equation of the Second-Order Problem and representation

ST21 = Coefficient [order 2Eq[[#, 2]] /. expRul el[1l], Exp[l wy Tol] & /@ {2};
ST21 /. displ ayRul e

{iVA1w1+2A2 bowl wzﬂl}

Terms of type € “2To in the second equation of the Second-Order Problem and representation

ST22 = Coefficient [order 2Eq[[#, 2]] /. expRul el[2], Exp[l wz Tol] & /@ {2};
ST22 /. di spl ayRul e

{A% bow%—ZjdlAzwz—ZOAzwz}
Scalar product with the left eigenvectors: First-Order AME; representation

SCondl = {{1, 0}. {ST11, ST21} ==0, {0, 1}. {ST12, ST22} ==0};
SCond1l /. displayRul e

{{72]'ldlAller]'l/,(AlwleAzbowlwzﬂl} = 0, {A%bowf—ZjdlAng—ZoAzwg} = 0}
Algebraic manipulation to obtain D; A and D3 A

SCond1Rul el = Sol ve[SCond1, {A{*® [T1, To1, Af"® [T, T21}] 11111 // ExpandAl | ;
SCond1Rul el /. di spl ayRul e // Tabl eForm
diA - %+]'1A2 bo wy A1

J‘LA%bob)g
2w,

diA > 10A -

Substitution of the First - Order AME to the Second Order Equations
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order 2Egm =
(((order2Eq[[#]] /. SCondlRul el /. (SCondlRul el /. conjugateRul e) /. expRul el[#]) & /@
{1, 2}) // ExpandAl | ); order2Eqm/. di spl ayRul e
{d(z)X1+X1 w% - _e?iTow A% bg w§+2e3“°”1 AL A> bg wr wg—e“‘TO“l A% bo w%+2A1 bo w%ﬂl—
e21Tou by 2 Ki +2A b wd Ay +2 e T by wy wp Ag Ap - e 1T by w2 ﬂg,
1, 3. .
d3y1 +y1 w3 = jeElTowszlwl—ZeEITowz Ay Ao b wy wp + €21 To%2 AZ by w3 -

1 1
A N x ~ — 1T -~
1e 211OmszlAl—ZAlbow%Al-#ZeZﬂDm2A2b0w1w2A1+

1, _ - 3. L , .
2@’5“0“)2A1b0w1w2A2—2A2b0w§A2—2e2 Towzbow1w2A1A2+efz]lT°w2bow%Ag}
Assumpion on the coefficients

$Assunpti ons = {wy, w2, bg, C, u, v, by, by, o} e Real s

(wp |w2 | bo|C|pu]|v]|by]|by|o)eReals
Construction of the particular solution of the first equation of the Second-Order Problem and representation

sol Order 2EqQm[1] =
Sinplify([Tabl e[qy,1[To, T1, T2]1 /. TrigToExp[Fl atten[DSol ve[{order 2Eqm[[1, 1]] ==
order 2Eqm[[1, 2, 111}, d1,1[To, T1, T21, Tol /. {C[1] -> 0, C[2] -> 0}]1],
{i, 1, Length[order 2Eqm[[1, 2]11}11; sol Order 2Egm[1] /. di spl ayRul e

1 ) ediTow AL Ao bg wo e*iTour A2 bg w3 o
{7@211-0&)1/0&[)0, - s 2 2, 2 A1 bg Aq,

3 4wy 15 w?

1 23iTyu | ﬂz 2 A; by w% Ao e3iTow bo wy A1 Ay e4iTow bg w% Kg }

— e 0 M, v T y

3 w? 4wy 15 w}

sol q11 = Expand[Tot al [sol Order 2EQMm[1]11;
sol gq11 /. displ ayRul e

1 20T 5 eaﬁTOwlAlAzboa)z <e4ﬁT°w1A%bow% o
— et 0% AT bg - + +2 Ay bg Ay +
3 4wy 15 wf
- 3 I oy 2
1 ) 5 2A2boa)%A2 eSITowlboszlAz e‘”TO“lbow%Az
e 2iTou _
(S 0A1+ +
3 w? 4wy 15 wf

Construction of the particular solution of the second equation of the Second-Order Problem
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sol Order 2Eqm[2] = Tabl e[d2, 1 [To, T1, T21 /.
Sinplify[TrigToExp[Fl atten[DSol ve[{order2Eqm[[2, 1]] == order 2EQM[[2, 2, i 11},
dz2,1[To, T1, T21, Tol /. {C[1] -> 0, C[2] ->0}]11,
{i, 1, Length[order2Egm[[2, 2]]11}]; sol Order 2Egm[2] /. di spl ayRul e

3
.~ iTyw, S iTowy
{41e2 vA1w1’ 8 e2 A1A2bow1' 75921T0“2A§b0,
3wk 5 wp 3
. _ _ L. B
4iez’ owszlAl 2A1boa)%A1 8ez" oszzbowlAl
3 w3 ’ w? ’ 3wz ’
1J'LT w 31T w
8e 2" 02 A byw Ay - 8e 2" °2pbyw AL A 1 ) .
, 2 A bo A, , ——e?iTow boAg}
3(1)2 5w2 3

sol q12 = Expand[Tot al [sol Or der 2EQM[2]11;
sol q12 /. di splayRul e

1 3 1
.CAT SAT LT = =
1 21T0“2A2b 4]1(82]l szvAlwl 8@21 szAlAg boa)l 41e 2t szvwlAl 2A1 bou)%Al
-—e o Do + + - - +
3 3w} 5wy 3 w3 w3
1 1 3
T, — - — 2T ~ =
8ez' 2 A by w A _ 8e? °?Abowr A 8ez °“bowAA 1 .,
-2 A b Ay + + - —e 0% by Ay
3 w2 3wy 5wy 3

Formal representation of the solution

sol 2 = {q1,1 -> Function[{To, T1, T2}, Evaluate[sol q11] ],
02,1 -> Function[{To, T1, T2}, Evaluate[sol q12]11};
sol 2 /. di splayRul e

1 ) QSiTO wy bO ws Al A2 e4iT0 wy bO UJZ A2
{quleFunction (To, T1, T2}, — 2o by AZ - N 272 .
3 4wy 15 w?
— ; [ ; 2
_ 1 ) . 2 bg w3 A Ay e3iTow bo w2 A1 A2 eiTow bo w5 A
2b0A1A1+—e’21T0“1b0Ai+ 2 - + 2721
3 wf 4wy 15 w?

1 3
. — 1Ty w — 1 Tow
4iez °2vuwr Ay 8ez °Zbhbyw A A

qulﬂFUnCtion {To, Tl, Tz}, + —
3wk 5 wy

1'Tu) 2 1'Tw

1 4iez 0% Al 2bowiAL AL 8ez °“hyw A A

,eziTOMZbOAZ— re’ v 1— et 1+ bl 01 l+

3 3 w3 w3 3 w2

11Tw ~ 3]'1Tm x A

8e 2 0 ZbowlAlAz . 8e 2 ° ZbowlAlAz 1 . _

-2bo A Ao + —76721T0w2b0A§}}
30)2 5&)2 3

Third-Order Problem

Substitution in the Third-Order Equations

order 3Eq = eqOrder [3] /. sol 1 /. sol 2 // ExpandAl | ;
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Simplifications
order 3Eqpr [1, 2] = Sinplify[order3Eq[[1, 2]1]11;

order 3Eqpr [2, 2] = Sinplify[order3Eq[[2, 2]]1;

Terms of type € @+ To in the first equation of the Third-Order Problem and representation

ST311 = Coeffi ci ent [order 3Eqpr [#, 2] /. expRul el[#], Exp[l w1 To]] & /@ {1};
ST311 /. di spl ayRul e

1
{7 (60 v diAL wy wp - 60 d%Al w1 wy -120 1 dyAy (U% W —
60 w1 W2

120l'ldlﬂlAzbowlw%—180CA%wlwzﬂl-%—lZO]'ldlAzbow%szl—BOﬁVAzbow%wzﬂl-%—
80A%bgwiwzﬂl—1801'LA%blw‘l‘wzﬂ1+448A1A2wa%w%ﬂnggOAlAgbgwlwgﬂg)}

Terms of type € “2To in the first equation of the Third-Order Problem and representation

ST312 = Coeffi ci ent [order 3Eqpr [#, 2] /. expRul el[#], EXp[l wz To]] & /@ {1};
ST312 /. di spl ayRul e

{0}

Terms of type € 2 To in the second equation of the Third-Order Problem and representation

ST321 = Coefficient [order 3Eqpr [#, 2] /. expRul el[1], Exp[l w1 Tol]l & /@ {2};
ST321 /. di spl ayRul e

1 _
{7 (80 vdiA; wf -160 i v oA wf+60vdiA w wp -160 i diAy Ap bo wf wp +
60 wy w2

120 idlﬁ\l A2 bo w1 w% -2801 d1A2 bo OJ% w2 Kl +801 VAZ bo OJ% w2 Kl -
320 0 Ap by w} wy Ay - 80 A b3 w3 wo Ay - 448 Ay Ay b3 w3 Wi Ay - 90 Ay Ay b3 w1 w3 Kz)}

Terms of type € “2To in the second equation of the Third-Order Problem and representation

ST322 = Coeffici ent [order 3Eqpr [#, 2] /. expRul el[2], EXp[l w2 To]l] & /@ {2};
ST322 /. di splayRul e

1
{7 (-80 i v Af bo wf - 60 dZA; w1 wp - 60 0% A w1 wp ~ 120 i 1Ay Ay bo wF wp +
60 wy w2
40 i v A? by wf wy - 120 i daAg w1 w3 + 128 Ay Ap b WS wo Ay + 90 Ay Ay b3 wf w3 Ay -

1800A§w1w2ﬂ2+80A§b%wlwgﬂz+32A§b%wgﬂz—18OiA§b2w1w‘2‘ﬂz)}

Scalar product with the left eigenvectors. Second-Order AME; representation
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SCond2 = {{1, 0}. {ST311, ST321} == 0, {0, 1}. {ST312, ST322} == 0};
SCond2 /. di spl ayRul e

1 _
{{7 (60 M dlAl w1 W2 — 60 d%Al w1 W2 — 120 1 dzAl w% w2 — 120 1 dlAl Az bo w1 w% =
60 w1 W2

180CA%Q)10)2K1+120JidlAzbow%wgﬂlfsoJi\/Azbow%wgﬂlJrSOA%b%w%wgﬂlf

180JlAZblwlszl+448A1A2bowlw2A2+90A1A2b0w1w2A2)}: ,

1
{7(—80JivA%bowf—GOdEAgwlwz—6002A2w1w2—120j1d1A1A1bow%w2+
600)1(02

40nvAlbowlcuz—lZO1dgA2w1w2+128A1A2b w1w2A1+90A1A2b wlszl—

1800A§w1w2A2+80A2b0w1w2A2+32A2b0w2A2—18011A2b2w1w2A2)} :o}

Algebraic manipulation to obtain D, A; and D, A,

SCond2Rul el =
Sol ve[sCond2, {A{®" [Ty, To1, AP [T1, T21}] 11111 7. (AL@ O [T1, T2] - oy, SCond1Rul el[[
1, 211) /. (A® O[Ty, T2] » dr, SCond1Rul e1[[2, 2]]) /. SCondlRul el /.

(SCond1Rul el /. conjugat eRul e) // ExpandAl |l // Sinmplify // Expand;
SCond2Rul el /. di spl ayRul e

12 2 _ _ 3icANA 5 _ 3 _
{dgAlﬁ— ——vA2b0A1+]'lUA2boAl+———]iA%b(z)wlAl——A%blw%Al—
8(4)1 3 2(4)1 2 2
iATbFwi AL A bowr Ay ioAbowp Ay 56 _ 3iAAbfwiA
- - 7—I'LA1A2b(2)UJ2A2+ ,
20)2 20)1 2(1)1 15 4(1)1
UAZbow? 2vA2bow? 10Afbow? uAZbowr VvAEbowr 7 _
do A - ! L ! 1+ ! L ! + ! ——]'LAlAzb%wlAl—
4 w3 3w} 4 w3 2wy 3wy 4
17iA AR 3icMA 2 3 4N BA
+ 2 —7jA§b%w2A2——A§b2w§A2——}
30 wy 2 wy 3 2 15 w,

Reconstitution of the AME and of the solution

ﬁ =ame[1]

ame[l] = (A0 [Ty, Tol +AOD [Ty, T21) /
Joi n[SCond1Rul el, SCond2Rul el /. ongRul e[[1]]1]; anme[1l] /. displ ayRul e
uAg ]i./,tzAl 2 _ 3]'].CA%E\1

7/1A2b0ﬂ177vA2b0A1+77
2 8 wy 3 2 w1

2 _ 3 _ _ 67 _
Ele%b%wlAl_EA%blw%Al‘*'leZbOwZAl_E]iAlAZb%wlAZ

dA,
- = ame[2]
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ame[2] = (A" O[Ty, Tl + A @D [Ty, To1) /.
Joi n[SCond1Rul el, SCond2Rul el /. ongRul e[[1]11]; ane[2] /. displayRul e

3 1 i A? bg w?
JioAz——uA%b0+—ioA§bo—;—

16 16 2&)2
61 _ 3icAMA 12 _ _
—iA1A2b§w1A1+i——iA%b%wlAz—GAgbzwﬁAz
30 4wy 5

Better representation

Col | ect [arre[l], {A]_[T]_, To1, ATy, T2]2K1[T1, T21,
AL[T1, T2l Ao[Ta, T2l A2[T1, T2l Al[T1, T2]1 AulTi, T21}] /. displayRule

3ic 2

3 2Vbo
——ib%wl—gblwf

pooip?

2 8(.01

A

+ A

AL+ A

+1 b wo

_ 67 _
—/lbo— Al_EiAlAthz)wlAZ

2(.()1

Col | ect [ame[2],
{AelT1, T2l, AclTy, T21%, AclTa, T212A1[Ta, T2l AclTa, T2l Ao[Ta, T2l Ao[Ta, Tel,
ATy, T2l Ao[Ta, T2l Ac[Ta, T2l, Ao[Ta, T212 A2 [Ty, T21}] /. displayRule

3ic 12

iohA + A - — ib3wy -6byw?

A

3 ubg 1 ]'Lboa)% 61 _
+ —1obg- ——iA1A2b5w1A1+A%
16 16 2 wy 30

40)1

Polar form of the AME

Rewriting of the AME

amem[1] = (ane[l] /. traspRule) - A;' [t]

1 12 A[t] 3icA[t]ZAE]
EHAl[t]— +

2 _ 3 _
- —dibfur ATt 1P At ] - —brwf A[t]P AT -
8w1 20.)1 3 2

- 2 o o 67 _
ubo A [t ] Ag[t] —§VboA2[t]A1[t]+J'lbow2A2[t]A1[t] —EibgwlAl[t]Az[t]Az[t]— (Ar)"[t]
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amem[2] = (ane[2] /. traspRule) - Ay' [t]

3 1 ]'lboo.)%Al[t]Z 61 .
- — ubgAI[t]?+ —iohbgAt]?P- — L ioAt] - —ib3wi At] At ] AT +
16 16 2 wy 30

3icA[t]2A[t] 12 _ _
—?ib%wlAz[HzAz[H ~6bywi At %A [t ] - (An) [t ]

Polar form of the complex amplitudes

1 .
pol Rul e = {Al[t] - Eal[t] eto Itl

1 , _ 1 ) _ 1 ,
At] - Eaz[t] et Aj[t] - Eal[t] et Aqt] - EaZ[t] e"“’at]}

1 1

{Al[t] S efOU g1t ], Apft] - — ei92t a27t ],
2 2

_ 1 B 1

Alt] ege'l‘sm]al[t}, At] - 5<e-w?“1a2[t1}

pol Rul eD = Joi n[pol Rul e, D[pol Rul e, t]]

. 1 . - 1
{Al[t]» ce“”“]al[t},Az[t}age““maZ[t],Al[t]e—e’w]“]al[t],

2

N~ NP

‘ 1 1 )
e 102t a2t ], (A)'[t] > Ee“”“] al'[t] +5]'1e“9]“] al[t] o 1ti,

g
v

et® 2t a2/ [t ] +Eje“’2m a[t]e2[ti,

. 1 ‘
e 1ol a1t ] -Eje*“”“] al[t]o1[t],

. 1 ‘
e 102t] g2/ [t ] _Eje*wm az[tmz[t]}

Substitution of the complex amplitudes with the polar form

eq[l] = amem[1] /. pol Rul eD

1 1 .
Zewm] palft] 72(87101“]“@2“] pualft]a2[t] bg-

| =

soaltot] 2 : 16 1t] 3
e’i‘sm]*ﬁgm]val[t]aZ[t]bo—le u al[t]+31Ce alft] )
160)1 160)1

67

=@

. . 3
iet®U¥ a1t 1® b3 wy - iel®lt a1t ] a2[t]2b5w1—£eﬂ””a1[t]3b1w§+

AR R
N

. , 1 1 ,
e oMt Al a1t ] a2(t ] bowzfge“"lm al’[t] 7511@1”” al[t] o 1[t]
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eq[2] = amem[2] /. pol Rul eD

. 3 ‘ 1 ,
—1e'%MW ga2(t] - —e? %% yal(t]?bo+ —1e?i®1 gal[t ]2 bg+
2 64 64
3icel®2tlg2t]® 61 ,
-—iet%Mlalt)?a2(t]biw - — ie 3 a2t 13bd w; -
32 wy 240
3 . 1e2i94tl a1t 12bgw} 1 1 ,
— e %2 a2t 13 by wf - 0 L T el gt - — el a2[t] o 2[t]
4 8 wy 2 2

Autonomous equations and separations of the real and imaginary parts

eqa[l] = Conpl exExpand [Expand [eq [1] e-ioUt] ] ]

1 1
Zual[t]7Zua1[t]a2[t1Cos[2<9]{t]f(92[t]1bof

1 3
gval[t]aZ[t]Cos[Z@ Ht]—@ﬁt}]bo—ﬁal[t}3blwf+
1 _ al’[t] 1 .
Zal[t]aZ[t]Sm[Z@]{t}—(92[t]]bowg— +1 4—ual[t}a2['[]S|n[2<9:I{t}—(92[t]]b0+
1 _ palft] 3calf[t]® 1
—val[t]a2[t]Sin[20t] -6 2t]]bg- + - —alft]®bdw -
6 16 w; 16 wy 12
67

1 1
— —al[t]a2[(t]?biw +—al[t]a2(t] Cos[20t] -0 At]]bowy- —alft] o 1[t]
120 4 2

ega[2] = Conpl exExpand [Expand[eq [2] e®© Zm]]

3 1
—6—4ua1[t12Cos[2<91{t]—<SZt]1b0—6—40a1[t128in[2¢91[t1—(92[t]1b0—
3 al[t]12sSin[2e t] -0 2t]] bowi a2t
° a2t 1% by - (t] [ 1t ] t 7] owi [}+
4 8 wy 2
1 1
i|—oca2[t]+—ocal[t]?Cos[20 1t] - 2t]] bg-
2 64
3 _ 3ca2[t]® 61
— palft]?2sin[2ot] -0t bg+ — - ——alft]?a2[t] bjw -
64 32wy 240
3 aljt]?Cos[201t] -0 2qt]]bowf 1
= a2t 13 b wi - L (26 qt) -5 2t]] 01T a2ty e 20t
10 8 w> 2
Definition of ¢

phiRule = {26 [t] -0 t] -> @[t]1}
{200t] -0 t] »o[t]}
phiRuleD= {62 [t] ->26 1 [t]-¢"' [t]}

{02[t] 20 1[t] - [t]}
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Polar Amplitude Modulation Equations

anep[l] = Col | ect [ (Conpl exExpand[2 eqa[l]] /. 4 -» 0), {al[t], a2[t], al[t]a2[t]1}]
1 3
—palft]-—al(t]®byw?+
2 8

1 1
alft]a2[t] —Eums[zm{t]-@at}]bo-gv@s[zgﬂt]—@qu]bm

1
ESin[2<9 t] -0 At ]] bowy| —al’[t]

amep[2] = Col | ect [ (Conpl exExpand[2 eqa[2]] /. 1 - 0), {al[t], a2[t], al[t]a2[t]}]

3 3
—EaZ[t]3b2w§+a1[t]2 73—2u003[2@ ANt ] -0 2At]] bg -

1 Sin[20 t] -6 2t]] by w?
L oosin2out]—oat] by 2 nEOHT T AT bRt}
32 4wy

anep[3] = Col | ect [ (Conpl exExpand[-i2eqa[l]] /. 1 - 0), {al[t], a2[t], al[t]a2[t]}]

+alft]a2[t]

1 1 1
EuSin[Z@]{t]—@Zt]}bo+§vSin[2(9][t]—(92[t}]bo+EOOS[2(91[t}—GZt]}bow2 +

12 67

alft] |- —— - —a2[t]1?bfws -0 1[t]

amep[4] = Col | ect [ (Conpl exExpand[-4 2 eqa[2]] /. 1 - 0), {al[t], a2[t], al[t] a2[t]}]

3c 3
——b%wl
16w; 5

a2[t]® +

1 3 61
alft]? [oCos[ZOJ{t]—@Z{t]}bo—uSin[Z@]{t}—@Z[t]}bo—a2[t}b%w1—
32 32 120

Cos[20 t] -0 2t]] by w?

+a2[t] (oc-02[t])
40)2

Reduced Amplitude Modulation Equations

rane[1] = Col | ect [anep[1l] /. phiRule, {al[t], a2[t], al[t] a2[t]1}]

1 3
—palft]-—al(t]®byw?+
2 8

1

1 1
alft]a2ft] —EIJCOS[w[t]]bo—EVCOS[w[H]bo+53in[w[t]]bow2 -al’[t]

rane[2] = Col | ect [anep[2] /. phiRule, {al[t], a2[t], al[t] a2[t]1}]

3
- —a2[t]1®byw?+alft]?

5 -—uCosfp[t]]bg-—oSinfe[t]] b+

-a2’'[t]
32 32 4wy

( 3 1 Sinfelt]] bow?
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rane[3] = Col | ect [Expand[(2 a2[t]anmep[3] -al[t]anmep[4]) /. phiRule /. phi Rul eD],
{airt], a2(t], al[t]®, a2[t]® alf[t]?a2[t], al[t]a2[t]?

al[t]®a2[t], al[t]a2[t]® bo, Cos[e[t]], Sin[e[t]]1}]

3c 7

3c 49
al[t]a2[t}3[— - —bfw | +al[t]®a2(t] + —bfwi| +
16 w; 30 4w
3 o w?
al[t}3b0(uSin[(p[t]]JrOos[cp[t]} S n
32 32 4w
2v 12
al[t]a2[t]%by ||+ —|Sin[e[t]]+Cosf[e[t]]wy| +al[t] a2[t] -0-4—-@'[t}
w1

fixRule = {al[t] ->al, a2[t] -> a2, ¢[t] -> ¢}

{al[t] —»al, a2[t] »az2, ¢p[t] - ¢}

Equationsto find Fixed Points

fix[1l] = Coll ect [Expand[Si mplify[rame[l] /. {al' [t]1 >0, a2' [t] -0, ¢' [t] »0}11,
{airt], a2(t], alftja2(t], al[t]® a2[t]® al[t]®a2([t], al[t]a2[t]?}] /. fixRule

3

al 1 1 1
— - —a1®bjwf+ala2 |- — uCos[y] bo—ngs[m bo+ES|n[w] bo ws

fix[2] =
Col | ect [Expand[Si nplify[rame[2] /. {al' [t] >0, a2' [t] >0, ¢' [t] >0}11, {al[t], a2[t1,
al[t]® a2[t]® al[t]?a2[t], al[t]a2[t]? bo, Cos[e[t]], Sin[e[t]1]}] /. fixRule
o w?

+
32 4 w2

3 3
- —a2®by, w? +al?bg [:32u®s[w}+8in[w}
fix[3] = Col | ect [Expand[Si mplify[rane[3] /. {al' [t]1 >0, a2' [t] -0, ¢' [t] »0}11,
{atrt], a2(t], al[ti1®, a2[t]1® alftj®az[t], al[t]a2[t]?
al[t]®a2[t], al[t]a2[t]® bo, Cos[e[t]], Sin[e[t]]1}] /. fixRule

2 49 7
ala2 |-o0- — | +ala2d |- - — b3w | +alda2 + — b3 w |+
40.)1 160.)1 30 4w1
3 o w3 2v
al®by | — uSin[p] +Cos[p] |- — + +ala2?bgy ||+ —| Sin[p] +Cos[e] ws
32 32 4w

Equilibrium pathsin the casea, =0
ep[l] =Sinplify[Solve[(fix[1] /. a2 -0) =0, al], w 1> 0]

2+ 24/
{{alaO}, {ala—iu}, al> M
V3 b1 w1 V3 b1 w1

Reconstitution of the solution
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qr, [t_] = Conpl exExpand |
(Ac[T1, T2l @*“' +A¢ [Ty, T2l e*“' + solqll) /. traspRule /. polRule /. {To ->t}]

1 1
al[t] Cos [t w1+01{t}]+Ea1[tJ2bo+gal[t}ZOos[2tw1+2n9 1t ]] bg -

alft]a2(t] Cos[3t wy+O0Lt]+0At]] bowr a2[t]?bowd a2[t]?Cos[4t wy +20 2At]] bp w’

+ +
8 wy 2w} 30 wf

qr,[t_1 = Conpl exExpand
(A2 [Ty, T2l @*“2' + Ap[Ty, T2] e*“2' +s0lql2) /. traspRule /. polRule /. {To ->t}]

1
a2[t] Cos [t w2+t92[t}]—5a2[tJ2bo—

1 4va1[t}Sin[%+Gl{t}]wl allt 12 bg w?
—a2[t]?Cos[2t wp+26 2t]] bg - - +
6 3wk 2 w3
4alft] az[t]ms[%w t]+02t]] bow 4alit]a2(t] 005[3‘2“’2 o qt]+02t]] bow
+
3wy 5 wp

Numerical integrations

Numerical values
1 _
{w1=1, wp =2, b0=5, by=1, by=1, c=1, u=0.05 v=0.05 o=0, w2=2w1+o}

{1, 2, % 1, 1, 1, 0.05, 0.05, 0, 2}

Time of integration
Numerical Intergations of the RAME

solrane[1] = NDSol ve[{rane[1l] == 0, rane[2] == 0, rane[3] == 0,
al[0] ==0.1, a2[0] ==0.1, ¢[0] ==0.1}, {al[t], a2[t], @[t]1}, {t, O, ti}]

{{al[t] - Interpol ati ngFunction[{{0., 200. }}, <>][t],
a2[t] - InterpolatingFunction[{{0., 200.}}, <>][t],
@[t] > InterpolatingFunction[{{0., 200.}}, <>][t]}}
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GraphicsArray[{Plot [{al[t] /. solrame[1]}, {t, O, ti}, PlotStyle - Thick,
Pl ot Range -> {Automatic, {-0.8, 0.8}}, Frame » True, FraneLabel -> {"t", "a;(t)"}1,
Plot [{a2[t] /. solrane[1l]}, {t, O, ti}, PlotStyle - Thick,
Pl ot Range -> {Automatic, {-0.6, 0.4}}, Frame -» True, FraneLabel -> {"t", "ax(t)"}1,
Plot [{e[t] /. solranme[1]}, {t, O, ti}, PlotStyle - Thick, Frame - True,
AxesOrigin -> {0, 0}, FraneLabel -> {"t", "o (t)"}1}]

. 0.4
0.5} 0.2 2.0 ]
—~ T e b ]
e Z 0.0 - LS
= 0.0 = 210
g g-0.2f s+ Y ]
-0.5¢} ] _0.4¢L 0.5 ]
L L L L _0.6 L L L 0.0¢ L L L 4
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

t t t
Numerical Intergations of the AME

sol ramep[1] = NDSol ve[{anep[l] == 0, anep[2] == 0, anep[3] == 0, anep[4] == 0, al[0] == 0.1,
a2[0] ==0.1, 0 [0] ==0.1, © 0] ==0.1}, {alf[t], a2[t], ¢ Iqt], ¢ At1}, {t, O, ti}]

{{al[t] - I nterpol ati ngFunction[{{0., 200. }}, <>][t],

2[t] > Interpol atingFunction[{{0., 200. }}, <>][t],

@J{t] - I nterpol ati ngFunction[{{0., 200. }}, <>][t],
9 2t ] - I nterpol ati ngFunction[{{0., 200.}}, <>][t]}}

G aphicsArray[{Plot [{al[t] /. solranmep[1]}, {t, O, ti}, PlotStyle - Thick,

Pl ot Range -> {Automatic, {-0.8, 0.8}}, Frame -» True, FraneLabel -> {"t", "a;(t)"}],
Plot [{a2[t] /. solranep[l]}, {t, O, ti}, PlotStyle - Thick,

Pl ot Range -> {Automatic, {-0.6, 0.4}}, Frame -» True, FranelLabel -> {"t", "ay(t)"}1,
Plot [{¢ ]t] /. solranep[l]}, {t, O, ti}, PlotStyle - Thick,

Franme » True, AxesOrigin -> {0, 0}, FraneLabel -> {"t", "o1(t)"}],

Plot [{® Jt] /. solranep[1l]}, {t, O, ti}, PlotStyle - Thi ck,

Frame - True, AxesOrigin -> {0, 0}, FranmeLabel -> {"t", "G, (t)"}1}1]

os T T T 0.4 . . . % g 3. 8
. r 0. 2 £ . .
- L/ ~ 0.0 1 20 = % 8
< 0.0 = 2 1.5 = 15
& g 0.2 51.0 $1.0

-0.5¢ -0.4 ~0.5E E 88

L . . _0.6 . . . 0.0 . . . E . f . .
0 50 100 150200 0 50 100 150200 0 50 100 150 200 0 50 100 150 200

t t t t

Graphics of the reconstituted solution
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G aphi csArray [{Pl ot [qr,[t] /. solramep[1l], {t, O, ti}, PlotStyle - Thick,
Pl ot Range -> {Automatic, {-0.8, 0.8}}, Frame -» True, FraneLabel -> {"t", "q:(t)"}1,
Plot [gr,[t] /. solramep[l], {t, O, ti}, PlotStyle - Thick,
Pl ot Range -> {Automatic, {-0.6, 0.4}}, Frame -» True, FraneLabel -> {"t", "g2(t)"3}1}1

ST

Numerical Intergations of the original equations

solorig[1l] = NDSol ve[Joi n[EOM {q1[0] ==0.1, g2[0] ==0.1, q;' [0] ==0.1, qg,' [0] ==0.1}],
{91[t1, g20[t]1}, {t, O, ti}, MaxSteps -> 1000000]

{{g1[t] - Interpol ati ngFunction[{{0., 200. }}, <>][t],
gz2[t] —» Interpol atingFunction[{{0., 200. }}, <>][t]}}

GraphicsArray[{Plot [{gi[t] /. solorig[1l]}, {t, O, ti}, PlotStyle - Thick,
Pl ot Range -> {Automatic, {-0.8, 0.8}}, Frame -» True, FraneLabel -> {"t", "qgi(t)"}1,
Plot [{g2[t] /. solorig[1l]}, {t, O, ti}, PlotStyle - Thick,
Pl ot Range -> {Automatic, {-0.6, 0.4}}, Frame -» True, FraneLabel -> {"t", "g2(t)"3}1}1]
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