Applied Partial Differential Equations (MathMods)
First Midterm Exam: Solution

1. Use the method of characteristics to find a solution to
Uy + (1 +y)uy =4,
u(0,y) = 2y.
Find the characteristic system of ordinary differential equations (ODE) and solve it.
Verify the invertibility of the maping (£,n) — (Z, 7). Write explicitly the solution

as u = u(z,y) and verify that it is indeed solution to the problem. Is it a global
solution (that is, is it defined for all (z,y) € R?)? Explain your answer.

Solution: This is a linear equation of first order, with initial data on the curve
T ={(0,8) : £ € R}, uz = 2£. By the method of characteristics, for each fixed
¢ € R we consider the ODE system:

dz

@=L 2(0) = 0,
. o
du N
o=t a(0) = 2¢

Clearly, the solution to the first and third equations are Z(n) = n, and 4(n) =
4n + 2€, respectively. Substituting into the second equation we obtain:

1 d . >
(1+9) 1%=n = G(n) =Ce"/2— 1.

Since §(0) = £ we get g(n) = (1 + §)¢"2/2 — 1. Varying £ € R we obtain a mapping
(,€) = (2,50 (n,€) = (n, (1 +E)e" /2 — 1,41 + 2€). Since
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we can invert the mapping (n,€) — (Z,7). Theresultisn =z, £ = (1+y)e’"2/2—1.
Upon substitution we obtain a solution

u(z,y) =4x +2((1 + y)e*zz/2 —1).

To verify that this is a solution, note that «(0,y) = 2y and, since u, =4 — 2x(y +
1)6*‘”2/2, Uy = 2¢=7°/2 then u, + z(1 4+ y)u, = 4, as claimed. The solution is
well-defined for all (z,y) € R%. Therefore it is global.

2. Solve the quasi-linear equation
Ug + Uy = €,
u(z,0) = x.
Find the characteristic system of ODEs and solve it. Verify the invertibility of
the corresponding map. Write the solution explicitly. Is the solution you found
defined for all (z,y) € R?? Draw the region of existence of the solution in the

plane.
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Solution: This is a quasi-linear equation of first order, with initial data on the
curve T = {(£,0) : & € R}, uz = £ By the method of characteristics, for each
fixed £ € R we consider the ODE system:

di
7:1 % =
=L #(0) =€,
dj A

—:]_ =
= b 9(0) =0,
%:eﬁ7 a(0) = ¢

The solutions for & and ¢ (characteristic curves on the plane) are &(n) = n + &,
9(n) = n. Solving the equation for @ y separation of variables we obtain

_dil )
et o — —e t=n+C.

Since @(0) = & we obtain i(n) = —log(e~¢ — n). The mapping (1,£) — (Z,7) =
(n + &, 1) is invertible everywhere, as
1 1
|6 1)1

(i )
g& gn
u(z,y) = —log(e?" " —y).

Substituting we obtain a solution:

To verify that this is a solution, notice that u(z,0) = —loge™ = z, and that
Uy =¥ )(e¥ —y), uy = (1—e¥"7)/(e¥"" —1), so that uy +u, = 1/(e¥" —y) =
e@¥) . Observe, however, that although the mapping (1, ) +— (z,%) is everywhere
invertible the solution is not defined in the whole plane: it is defined only for
e¥"* —y > 0. The curve &(y) = y — logy bounds the domain on the right. The
solutions exists for all y < 0, and for all x < y — logy, when y > 0. (See figure.)
Recall that the invertibility condition is necessary to obtain a global solution but
not sufficient.

FiGure 1. Plot of the curve z = y — logy in the plane. The
solution exists in the open region left to the curve.



3. Consider the “bump” problem of traffic flow:

pe+ (p(1=p))z =0, z€R, t>0, (1)
0, =<0,

plz,0) =<1, 0<x<1, (2)
0, =>1.

Find an entropic weak solution for all times. Write your solution explicitly. Why
is it entropic? (Hint: Since the flux function is concave, the two discontinuities of
p(0,z) at * = 0 and © = 1 will give rise to a shock and a rarefaction wave,
respectively. Note that the integrating factor of an equation of the form y/(¢¥) +
ay(t) = fis p(t) = exp(ft a(s)ds). You will need to solve an equation of this form
for the second shock.) Interpret your answer in terms of traffic flow.

Solution: Here the flux function Q(p) = p(1—p) is concave, with Q(0) = Q(1) = 0.
The characteristic velocity is a(p) = Q'(p) = 1 — 2p, so that the characteristics are
straight lines with slopes a(0) = 1, or a(1) = —1. Since the flux function is concave,
the initial jump at x = 0 is entropic, as pr = 1 > pr = 0. Therefore there is a
shock curve generated at (0,0) with speed s1 = [Q]/[p] = %82(0) = 0. The shock
curve has the form ¥, = {& = 2,(¢) = 0}.

In the region a(—1) = —1 < p < a(0) = 1 the function a(p) is invertible with
g(p) = a=1(p) = (1—p)/2. The jump at x = 1 generates a rarefaction wave centered
at (z,t) = (1,0) given by

z—1 1
1) = ( ) = _(t—z+1).
p(z,t) =g — 5t =z +1)
It is defined in the region —1 < (z — 1)/t < 1, for t > 0. (Another way to
obtain the form of the rarefaction is to propose a self-similar solution of the form
p=v((z —1)/t). This leads to the equation

v'(§)(1 =& —2v(g)) =0,

where £ = (x—1)/t, which holds whenever 2v(§) = 1—¢, that is, when v(§) = ¢(£).)
The rarefaction wave is bounded by the two characteristics x_(t) = —t + 1 and
x4 (t) =t+1, at (z,t) = (1,0). Observe, however, that the characteristic x = x_(t)
intersects the shock ¥, at time ¢t = 1. Therefore, for later times the shock gets
curved and there is a second shock generated at (z,t) = (0,1). To obtain its form
we use Rankine-Hugoniot conditions: py, = 0 on the left, and pr = g((x — 1)/?),
for t > 1 (the rarefaction wave is on the right). Let’s parametrize this shock curve
as Yo = {x = Z(t) : t > 1}. It satisfies £(1) = 0. We compute

Qpr) = Qg((& —1)/t)) = Q((t — & +1)/2t) = #(t —E+DE+z-1).

By Rankine-Hugoniot conditions the speed of the shock is

_dt _Qlpr) —Qpr) _ QU(@-1)/t) L. .
=W T e eGon at i

This is an ODE for & with (1) = 0:




FIGURE 2. Sketch of the entropic solution to the bump problem.
Characteristic lines are in yellow, the rarefaction region in green
and the shock curves are the dotted curves in red.

Multiply by the integrating factor 1/y/¢ we obtain t~'/2¢ = t1/2 4-¢+=1/2 4 C, with
C constant. Since £(1) = 0 we obtain

Yo = {(&(t),1) : &(t) =t+1—2Vt, t >1}.

Observe that for t > 1, the shock curve Y5 never intersects the other character-
istic bounding the rarefaction: x4 (t) =t + 1. The solution is thus given by:

0, z<0,or,z>141¢,
pla,t) =<1, 0<z<1l—t,
Lt—x+1), 1-t<z<1+t¢,
for all x € R, and for 0 < t < 1, and by,

(1) 0, x<t+1—2Vt or,z>1+t,
z,t) =
P Lt—z+1), t+1-2/i<z<1+t,

for all x € R, and for ¢ > 1. (See sketch of the solution.)

The solution is bounded for all (z,¢) € R x (0, +00). Moreover, there is only one
discontinuity (shock curve), 3 = ¥; U X5. The characteristics seem to “enter” the
shock at ¥;: indeed, a(pr) = a(l) = —1 < s; =0 < a(pr) = 1. Thus, Lax entropy
condition is satisfied. At X9 we have a(pr) =1 — 2¢((& — 1)/t), and thus,
a(pr) = %(ﬁ:(t)—l) . 1—% < sy = ‘fl—f - %(H—a@(t)—l) - 1—% < a(pr) = a(0) = 1.
These inequalities are satisfied for all ¢ > 1. Hence, the solution is entropic.

The interpretation in terms of traffic flow is as follows: the initial condition is
the “bump”, that is, maximum density in a short piece of the road (between z =0
and = = 1) with no cars before or after. (Think of a street, blocked at both ends by
police officers letting some kids cross the street.) At the same time (¢ = 0), the two
ends are set free. The cars to arrive at z = 0 at time ¢ = 0 start to form a shock
wave with a velocity s; < 0 (in this example, s; = 0). The cars ahead at z = 1
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start to move continuously (rarefaction). After some positive time ¢ > 1, the shock
wave starts to move with positive (non-constant) speed, in the direction ahead of
the road, but it never reaches the cars who were at x = 1 at time ¢ = 0.

4. Consider the following equation in one spatial dimension
uy = Dug, — au, (3)

with a > 0 constant, D > 0, in the domain z € [0,1], ¢ > 0. This equation models
the temperature distribution with heat loss along a bar of unit length. Suppose we
impose homogeneous boundary conditions:

u(0,t) =u(l,t) =0, t>0. (4)
(a) The equilibrium temperatures are the time-independent solutions to

Dug, —au =0,

u(0) =u(l) =0. 5)

Find all solutions u = u(z) to (5).

(b) Solve the boundary value problem (3) and (4) subject to initial conditions
of the form u(x,0) = 2 by the method of separation of variables. Make sure
you analyze all the eigenvalues of the problem. (You may take for granted
the uniform convergence of the series.)

(¢) Study the temperature solution w obtained in (b) for large times t — +00
and compare it to what you found in (a).

Solution: (a) Here u,, = (a/D)u. Since a/D > 0 the solution is of the form
u(z) = Ael®/P)* 4 Be=(@/P)z_ But, from the boundary conditions u(0) = u(1) =0
= A+ B =0, A(e**/P —1) =0 = A= B = 0. The only stationary solution is the
trivial one: u(z) = 0.

(b) By separation of variables: u(x,t) = ¥(z)0(t). Then ¢)(x)¢'(t) = D" (2)0(¢)—
ap(z)0(t). Thus,
)

o(t) ()

with A constant. Let’s solve ¢ = (A + «)y/D. We have three cases. (i): (A +
«)/D = 0. Thenv” = 0 and v = Ax+ B. By the boundary conditions: A = B = 0.
(ii): p == A+ «a)/D > 0. The solution is of the form ¢ = Ael* 4+ Be M=,
Again, ¢(1) = ¢(0) = 0 imply that A = B = 0. The only-trivial case is (iii):
(A + a)/D = —p2. The solutions have the form 1 (z) = Asin ux + B cos ux. Since
¥(1) = ¥(0) = 0 then B = 0, p = nw, n € N, and A arbitrary. Therefore,
An = —(a+ Dn*n?), ¢, (x) = sin(nrz), for each n.

Now solve 0/(t)/0(t) = An, to obtain 6, (t) :== Ap,e=(@+Pn*7)t We define the
solutions:

—a =,

U (z,1) 1= VP (2)0,(t) = A e (atDn*n)t sin(nmx).
Each wu,(x,t) is a solution to the equation, with the boundary conditions. We
propose the series solution:

“+oo +oo
u(z,t) = Z Up(w,t) = Z Ape~(tDnin?) sin(nmz).
n=1

n=1
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It can be proved that the convergence is uniform just as we did in the lecture for
the heat equation. The coefficients A,, are computed through the Fourier series
expansion of the initial condition u(z,0) =z = > A, sin(nmz). Thus,
1
2 _ 2(—1 n+1
A, = 2/ rsin(nrx) dr = —— (x cos(nwx)) |25 = i
0 nm

nm
The solution is
S2 20D ipey
u(z,t) = ;Te (ot )t sin(nm).
Clearly, u(0,t) = u(1,t) = 0 for all ¢; u(x,0) = = and it satisfies the equation by
unform convergence.
(c) Since the series converges uniformly

tllinoou x,t) Ztllmoo up(z,t) =0,

because e~ (@+Dn* ™)t _y (0 a5 + — 400 for each n. Thus, the solution tends to the
equilibrium solution found in (a).

5. Consider the heat equation

Up — Uzg = 0, z€0,L], t > 0. (6)
Let uq(x,t) be the solution to (6) with boundary data u1(0,t) = f1(t), ui(L,t) =
hi(t) for all t > 0, and subject to the initial condition wu;(x,0) = g¢1(x) for all
x € [0, L]. Let ua(z,t) be the solution to (6) with boundary data uz(0,t) = fa(?),
ua(L,t) = ha(t) for all ¢ > 0, and subject to the initial condition us(z,0) = ga(x)
for all © € [0,L]. Suppose that fi(t) < fa(t), hi(t) < ho(t) for all ¢ > 0, and
g1(z) < ga(x) for all z € [0, L]. Prove that u; < ug in the set (x,t) € [0, L] x [0, +00).
Solution: Let Q@ = (0,L), and Qr = Q x (0,7T], with T" > 0 arbitrary. Let
v(z,t) == ui(z,t) — uz(x,t). Then clearly v satisfies v; — vz = 0 in Qp, with
v(0,t) = f1(t) — fa(t) < 0, v(L,t) = hi(t) — ha(t) < 0, for all ¢ € (0,7]; and
v(z,0) = g1(z) — g2(z) < 0, for all x € [0,L]. Whence we have v < 0 at I'p :=
Qr\Qr. By the maximum principle,

maxv = maxv < 0.
QT FT

Therefore, u; < uy for all (z,t) € Qp. Since T > 0 is arbitrary, the inequality holds
for all z € [0, L], and all ¢ € [0, 400).

6. Use the energy method to show that the solution u € C%(Q7) to the initial-
boundary value problem
—Au = f, (z,t) € Qr,
u =g, (z,t) € (T1 x (0, T) U(Q x {t =0}),
u+aVu-n=h, (z,t) € Ty x (0,71,

is unique. Here Q@ ¢ R? with d > 1 is bounded, open with smooth boundary 02
Qr = 2 x (0,7] is the parabolic cylinder with fixed T > 0; I'r = Qp\Qr is the
parabolic boundary, with I'y UT's = 0Q; 7 is the outer unit normal to 92 and « > 0
is constant. f, g, h are continuous known functions.



Solution: Let us assume there are two solutions wuy,us € C?(27) and let u :=
u1 — ug. Then wu is a solution to the homogeneous problem

us — Au =0, (z,t) € Qp,
u =0, (z,t) € (T'1 x (0,T)) U (2 x {t =0}),
u+aVu-n=0, (z,t) € Ty x (0,T7.

Multiply the equation by u and integrate in 2 € Q for each time ¢ € (0,7 fixed.
By Green’s formula, and by the boundary conditions ©u =0 at I'y, u +aVu -1 =0
at I's we obtain

d
%—/u2dx:/uutdm:/uAudx
dt Jo Q Q

:—/ |Vu|2dx+/ uVu - ndS,,
Q a0

:—/ |Vu|2d:c+/ uVu-ﬁdSz—&-/ uVu -1 dS,,
Q F1 1—‘2

= —/ |Vu|2dx—a/ (Vu-n)?dS, <0,
Q Iy
because a > 0. Therefore the energy E(t) = [, u(x,t)? dx is a decreasing function
of t € (0,7T], and
0<E(t) <E0)= / u(z,0)*dr = 0,
Q

inasmuch as u(z,0) = 0 for all x € Q. Thus, E(t) = 0 for all ¢ € [0,T], yielding
u(z,t) = 0 for all (z,t) € Qp. The solution is unique.



