Applied Partial Differential Equations (MathMods)
Exercise sheet 7

Wave equation

e Do the following exercises from Salsa’s book [1]: 5.2, 5.3, 5.5, 5.10,
5.16, 5.17, 5.18.

In addition, do the following exercises:

1. (a) Prove that the solution to the second order equation g, = 0,
is given by u(z,y) = F(x) + G(y), with F' and G arbitrary
functions.

(b) Use the change of variables £ = z+ct and n = z—ct to show that
the equation uy — gy = 0 gets transformed into its canonical
form u,¢ = 0. Use (a) to obtain D’Alembert’s formula again.

2. Let f,g € C’é (R;R), that is, of class C' and with compact support:

f = g = 0 outside a bounded interval |z| < R, for some R > 0. Show
that the solution u € C?(R x (0, 400); R) to

utt—c2um:0, reR, t>0,
u(z,0) = f(z),
u(z,0) = g(z),
is of compact support in the variable x (with a different R, of course),
for each ¢t > 0 fixed. (Hint: Use D’Alembert’s formula.) Since the

solution has the form u(z,t) = F(x + ct) + G(x — ct), show that the
functions F, G : R — R hace compact support only if

+o0

/ 9(y) dy = 0.

—0o0

3. Define the linear wave operator in one dimension as
Lu = uy — Pgy.

(a) Prove that L(usv;+ c?uzv,) = 0 for any pair of solutions u, v of
the homogeneous wave equation (Lu = Lv = 0).

(b) Suppose that u is a solution to Lu = 0 in (x,t) € R x (0, 4+00),
subject to the initial conditions

u(z,0) = f(x), x€R,
ut<x70) :g(flf),

where f and g are functions of class C? and with compact sup-
port. Prove that the total energy,

E(t) = Ecin(t) + Epot(t),
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is constant. Here the potential and kinetic energies are defined
as

+o0 +o0
Egin(t) = ;/ uP(x,t)dz, and Epy(t) = ;/ ul(z,t) dr,

o0 —0o0

respectively. (Hint: Use (a) to compute dE/dt. Apply D’Alembert’s
formula and use the fact that both f and g, and all their deriva-
tives are zero outside a compact interval.)

(¢) Under the same assumptions in (b), prove the principle of equipar-
tition of energy: there exists T' > 0 such that Ec,(t) = Epot(t)

forallt >1T.
4. Apply Duhamel’s principle to solve
Ut — gy = 932, rzeR,t>0,

u(z,0) = x, x € R,
ug(x,0) =0, x eR.
5. Solve the following problem:
Upp — c2um = xt, reR, t>0,
u(z,0) = e*, xz € R,
ug(xz,0) =sinx, xz €R.

with ¢ # 0 constant.
6. Solve the homogeneous wave equation

g — 2 Au =0,

for x = (x1,292,23) € R3, t > 0 with initial conditions u(x,0) = 0,
ut(x,0) = zo. Verify that the solution is correct.
7. Consider the homogeneous wave equation in R3,

ug — 2 Agu =0,

with t > 0, z € R3.
(a) Show that any solution with spherical symmetry (that is, u =
u(r,t), where r = |z|) has the form

u:%(F(r—i-ct)—i-G(r—i-ct)).

(b) Show that, if the initial data are u(z,0) = 0, u(z,0) = g(r),
where ¢ is an even function then the solution is

1 r+ct
t) = — dp.
u(rt) =5 /r » py(p) dp
(¢) Suppose that g is given by:

(r) = 1, for 0<r<a,
g = 0, for r > a,
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with @ > 0. Find the solution explicitly. (Hint: Use (b) to
determine u in the different regions bounded by the cones r =
a £ ct in space-time.) Show that u is discontinuous in (0,a/c)
(this is because of the focusing effect of the discontinuity of u,
int=0, |z| = a).

8. Consider the non-homogeneous wave equation:

utt—Au: ].,

where u = u(x,y, 2,t) (that is, in R?), with initial conditions

(a)

(b)

Uimo = Va2 + Y2+ 22, wpeg =27 +y7 + 2%
Express the laplacian in spherical coordinates
(z,y,2) = (rcos¢sinb, rsin¢sinb, r cos ),
with » >0, 6 € [0,7), ¢ € [0,27).
Find a solution depending only on r = |z|, Z = (x,y,2) €
R3. (Hint: Reduce the problem to the non-homogeneous wave
equation in one dimension for r > 0, t > 0. Use Green-Lagrange
formula and analyze the cases r > ¢ and r < t.)
Is the solution unique? (Hint: Use Duhamel’s principle to prove
that any other solution depends only on r as well; apply unique-
ness of the solution to the one-dimensional wave equation and
conclude.)
Discuss the differentiability of the solution at the curve ¢ = |Z|.
Now, find the solution directly. First find one solution to:
Ut — Axu = 1,

U= = Ut|—0 = 0.

(Hint: Apply Duhamel’s principle.) Then, find the solution to
uy — Agu =0,

Up—g = V22 +y? + 22,

Ut|t=0 = 2+ y2 + 22,
using Kirchhoff’s formula and computing the surface integrals.

The sum of the particular solution and the homogeneous solu-
tion must be identical to the solution you obtained in (b).
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