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STATIC BIFURCATIONS

m A two-dimensional system, undergoing a simple divergence bifurcation

A system already analyzed by CMM, with an imperfection » added:
(xj _{,u 0 }(x]+ xy+cx’+1
y) 10 1|y bx*

(x,3) > (ex,69), p—>&p, N>

e Rescaling:

The equations become:
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e Series expansions:

x(@8)) %ty ty) X, (2y,8,1,, ") RGN (AR
[y(t;g)j_ yo(to,[l’tz,”_) +& yl(to,tl,tz,---) + & yz(to’tl’tz’...) 4.
d k

a:dOJrglergzd2+---, d =dlot, t =&t

e Perturbation equations:

O.{doxon
E .
doyo+J’o:O

1. dy x, = —dyx, + X0,

dy y, +y, =—d,y, +bxg
L2 :{do x, =—0,x, —dx; + (), +X,0,) + X, +cx§ +7
do v, + ¥, =—d,y, —d,y, +2bx,x,



e (enerating solution:

{xo =a(t,t,)
yO = k(tl’ tZ) e_to

By ignoring transient motions, the steady contribution only is retained:

{xo =a(t,1,)
Yo =0

Q Note: the passive variable y does not enter the generating solution.



e c-Order:

» equations:

d,x, =—0d,a

do WtV = ba’
» elimination of secular terms:

d,a=0

» solution:
By omitting the complementary solutions:

x, =0
yl:ba2

QO Note: the link between passive and active coordinates is established at
this order.



o g“-order:
» equations:

{do x,=—0,a+pa+((b+c)a’+n
doyy, +y,=0
» elimination of secular terms:

d,a=pua+(b+c)a’+n

e By coming back to the original, not rescaled, variables, through:
ca—a, eu—>u &n—-n, &d,—>D
the bifurcation equation follows:

a=pa+(b+c)a’+n

(coincident) with that furnished by the CMM, with the imperfection added.



e Bifurcation diagram for the perfect system 77 =0:

%= pux+cx’ (quantities renamed)

One or three equilibria exist at the same w: x, =0V and *yy =ty—#/c for
ulc<0. This is a fork bifurcation, super-critical \f ¢c<0, sub-critical If ¢>0.
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Q Note: An exchange of stability occurs at the bifurcation point.



e Bifurcation diagram for the imperfect system 7 #0:

%= pux+cx’ +1 (quantities renamed)

0 The branch point is destroyed by imperfections, and saddle-node
bifurcation points appear; the fork bifurcation is structurally unstable

o In the sub-critical case, imperfections of both signs reduce the maximum
stable value of u.

o In the super-critical case, imperfections have non-catastrophic character.
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m A three-dimensional system, undergoing a double divergence bifurcation

We study a codimension-2 static bifurcation:

x) [ 0 0](x Xz+ex"+n
yIi=l0 v 0| y|+ yz—i—czys—i—n
z _O 0 —l_ zZ blx2 -|—b2y2

Here, the Jacobian J admits the (semi-simple) double eigenvalue 4=0 at

n=(uv.)=(0,0). In the CMM view, x, = (x,y), x, =(2).



e Rescaling:
After the rescaling (x,y,z) — (ex,ey1€2), u— &°u,v = £°vin — &°n the
eguations read:

00 0 Xz pX+Cx +1
yI=|0 0 0|l yl+e vz + &t vy+czy3+77
z _O 0 —1_ z b1x2—|—b2y2 0
e Series expansions:
x(t,g) xO(t01t11t2’...) x]_(t01t11t2!...) Xz(to,fl,f2,°")
y(t’g) = yO(tOJlltZ!'“) +& yl(tOltl’tZ’“') +82 yZ(tO’tl’tZ’“.) T
z(t; &) zo(ty, 8,85, ) z,(t,.t,,t,, ) z,(ty, 8,85, ")
i:d +ed+&d,+---, d, =0/0t,, t =&t
0 1 2 ! k- k! k- k

dt
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e Perturbation equations:

(d,x,=0
g:4d,y, =0
dyzy+2,=0

d, x, =—d;x, + x,z,
& 190y ¥y =—dyy + ¥z
\do z,+z, =—d,z, +b1x§ +b2y§

fdo x, =—0d,x, —dx, + (%2, + x,2,) + px, + clxg’ +7
g3 do Vo = _dzyo _dlyl + (yle +y021) +VY, "‘Czyg +7
d,z, +z,=—d,z,—d,z, + 2b,x,x, + 2b,y, ¥,
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e (Generating solution:

e c-order:
» eqguations:

> Secular terms:

> solution:

X, = a,(t,1,)
Yo = 4, (tl’tz)

Zy =

d, x, =—-0d,q

\

dy y, =—da,

g2 2
\do z,+z, =ba; +b,a,

d,a, =0, d,a,=0

rx1:O
» =0

g2 2
|z, = ba; +b,a,

N
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o g“-order:
» equations:

( 3 2
d, x, =—d,a, + ua, + (b, +c,)a] +b,a,a, +n

2 3
d,y, =—-d,a, +va, +baa,+ (b, +c,)a, +n

N

kdozz—i—z2 =0

> elimination of secular terms:

{dZal = pua, + (b, + Cl)af + b2a1a22 +7

d,a, =va, +bala, + (b, +c,)a, +1
e Bifurcation equations:

a, = aj[p+ (b + Cl)alz +b2a22] +177
dy, = az[‘/"'blal2 + (b, +Cz)a22]+77
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e Steady-state solutions for the perfect (y=0) system::

(T) : a,=0,a,=0, V(u,v) (Trivial)

(M,)): a/>0,a,=0 (Mono-modal)
(M,): a,=0,a;>0 (Mono-modal)
(B,): a >0, a; >0 (Bi-modal)

Solutions (M), (M>),(B) exist only in a sector of the (u,v)-parameter plane. In
some sectors more solution can be in competition.
»Example:
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SIMPLE-HOPF BIFURCATION

EXAMPLE: TWO RAYLEIGH-DUFFING OSCILLATORS, ONE
STABLE, THE OTHER UNSTABLE

{X—yz’c+a)fx+blfc3 +ex®—b,(7—x)°=0

j}+§j/+a)22y+b2j/3+cy3+bo(j;—jc)3 =0

with ¢ >0,

e Rescaling:

1/2 1/2
X

poen  (x,y) > (e x67y)
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e Series expansions:

|

x(t;€)
y(t;¢€)

J

|

A (A A A
Volty ty,t5,

where ¢, =¢&"t, .

e Chalin rule;

d
d¢

where d, :=0/0%, .

)
)

. 2
—=d,+&d,+&°d,+-,

4

dt

xl(to’tl’tz"")j+52 [xz(tO’tl’tZ’.”)j_l_.“

yl(tO’tl’tZ"”)

d2

> =

yz(to’tlitzi“')

di+2£d,d,+ &% (dZ+2d, d, )+
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e Perturbation equations:

d; x, +w’x, =0

\dg yy+&Edyy, + @y, =0

” d2 x, + @fx, = —2dydyx, — b (dgx,)* —exg + by (A —doxe)* + 220,

o 3y +& oy + @y =200, v, — b, (dgy,)’ — vy —by(doyp — o)’ — & dyyyg

( d: x, +w’x, =—(2d,d,x, + d’x, +2d,d,x,) —3b,(d,x,)* (d,x, +d,x,)
—3cxx, +3b,(dyy, —dyx,)°(d,y, +d,y, —dyx, —d,x,)
+u(dx, +d,x;)

cy,+Edyy, +wiy, =—(2d,d,y, +dy, +2d,d,v,) —3b,(d,y,)?(d,y, +d,1,)

—3cyiy, —3by(d,y, —dox,)’ (d,y, +d,y, —dyx, —d,x,)
—&(dyyy +dyyy)
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e Generating solution:
x, = A(t,,t,) e +cc., y,=0

since the y-oscillator is damped. Therefore: x = active coordinate, and y=
passive coordinate.

e &-order:
» equations:
di x, + @x, = f,, €0+ f, 7"+ cc.
dé y+&doy, + a)ﬁzyl = /21 e + Jas ™™+ c.c.
where:

fi=—2iw, d, A+iuw A—-3c+i(h, + bl)a)f]AZZ,
Jis = [-c+i(b, + bl)a)f]A3
JFZ,l = 311?00)131422, .f‘2,3 = _lboa)ng
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> elimination of resonant terms requires f,, =0, from which:

A, A=L ua+3[C— (b, + b)) 1427
2 2

The y-equation, does not require any additional condition.

» Solution:
X, =—==e 1,
8w,
N = . e'™o + 23 e¥ 4 c.c.
1 2 2 . 2 2 .
w, —o +iw, @, —9w; +3iéw,

Q Note: Only the particular solutions have been considered, since the
complementary x-solution repeats the generating one, and the
complementary y-solution decays in time.



o &’ -order:

» equations:

d: x, + @’ x, =—(2d,d,x, +dix, +2d,d,x,) —3b,(d,x,)*(d,x, +d,x,)

~3exg X, + 3B, (dgxp)* (doyy — dgx, —d; xp) + ze(dyx, +dx,)
The di x, term requires evaluation of :

d? A= %,u d, A+g[ii—(b0 +b)w?](2AAd, A+ A% d, A)
)

1

= % p>A—3u(b, +b)w’ A’ A

9 o2 . 27 2 4 3752
1
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» elimination of secular terms:

2 3 ¢

. H 2~
d A=—i—A———uA"A4
T VP
3 15¢° 9
H—=c(b, +b,)—i +—iw. (b, +b,)’
[ 2 ( 0 1) 16 a)f 16 1( 0 1)
+9ib§a)15(l . % .
2 w, — 90, +3ilw,
1 1 1

+ )] 4% A4

2 2 | h 2 2 .
w, —o; +ilw, 2w, —-w, —ilo,
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e Reconstitution method and parameter reabsorbing:

A=gd, A+&°d, 4

This equation is multiplied by & and quantities transformed back as
£"?4— A, gu—> u , thus obtaining a complex bifurcation equation:

_(— —z—)A+ [zi—§ =1~ (by+b)w?]4%4
8w, w, 4o
3 15¢° 9
H—=c(b, +b,) —i +—iw, (b, +b,)°
| 20(0 1) 116(013 16 ; (b +01)
Wb} Gt AT
2w, -9 +3ilw, w,—-w +ilw, 2w,—-0 —ilw,
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Using the polar form:

and separating the real and imaginary parts, two real bifurcation equations
follow.

e Amplitude equation:

1 3 3 ¢
1==pua—[=(b, +b)o; ——— ula’
a 2/““ [8( o +b)o; 16 0)12 Hla
3 27 1 1
+H——c(b, +b) +—b élw! + a’
[ 326( o 01) 32 0 1((a)22—9(012)2+9§2a)12 (a)zz—a)lz)2+cfza)f)]
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e phase-equation:

2
aS——l’u—aJrgias
8 o, 0]
9 15 ¢°
H—=(b ‘o) ———
[256( o )" 256 @]
9 9 1
——b.w/ +
32 0 ((0)22 —907 )’ +9E%°w (0 — ) +Ewf
b bRl - . )]a®

_|_
(@; -907) +9&°w) () —))" + &)

0 Note: The essential dynamics of the original system is governed by a
one-dimensional amplitude-equation.
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e Response of the system:

x = a(t) cos(D (1)) + aB(z)[Bizizcos(?@(t)) " 3i2 (by +by), SINGBD(1))] +- -

W,

bofja)f B boga)f
@ Y+ 2 ) T T Sswp) ragtr OO

b a)3 9&)2 _a)Z -
(6020— 192)2)12 "‘9522)602 Sin(3d(¢))] +---
2 A :

y=2a 0

by, (0} — @5)

(a)Z _6()2)2 _|_é;2a)2 Sln(CI)(t))—

where:
O(t) =wt+0(t).



m Steady solutions:
a=a =const @ = x =const
are limit cycles, of amplitude ¢, and (nonlinear) frequency @ = @, + x = const

e Remarks

(a) At leading order, only the active coordinate x, contributes to the motion.

(b) At a higher-order, also the passive coordinate y Is triggered. This does not
contribute with its own free evolution, but rather is forced by the active x-
coordinate

(¢) Taking into account passive coordinates, does not increase the dimension
of the amplitude equations, but just gives a more accurate description of
the dynamics
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NON-RESONANT DOUBLE-HOPF BIFURCATION

EXAMPLE: TWO COUPLED RAYLEIGH-DUFFING OSCILLATORS,
BOTH UNSTABLE

¥—pux+ox+bx’+cx’ —by(y—-x)° =0
{j}—vy'+a)22y+b2y'3+cy3+b0(y'—5c)3 =0
whre @, #raw,VreQ .
e Linear stability diagram:

& § / [11

T O(e)
+ 1w

= >
|/ :

Stable
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e Rescaling:

1/2 1/2
X

(1, v) > (e ev) | (x,y) > (e7°x,677y)

e Series expansions:

[x(t;g)]_ xo(fo’fl,tz,..-) xl(l‘o,tl,tz,---) ) xz(fo’tl’fz,'“)
y(6:8)) \Yoltg:tyty,+) e yl(tO’tlitgf")j—'_g [yz(to;l‘l,l‘z,"-)]_i_.”

d d’

d? d>

where ¢, =&'t, and d,=0/or,

—=dy+ed+67dy 4, —— =di+2ed,d,+&% (d+2d,d, )+
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e Perturbation equations:

2 2
0 .{doxo+w1xo =0

dé Y +a)22y0 =0
Al {dg X+ wlle =—2d,d,x, + ud;x, _bl(d0x0)3 _ng +b,(dyy, —d0x0)3
dg Nt 6022)/1 =-2d,d,y, +vd,y, —b, (doyo)3 _Cyg —by(dyy, _dox0)3

e (Generating solution:

Xo =4 (1,1,,...)e" " +c.c.
Yo =4, (fl, 12,...)eiw2t° +c.c.
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e &-order:

» equations:
Cubic terms produce harmonics (@, @,;3w;,3w,,», 20,20, * @,) ;
among them, only @, in the first equation and @, in the second equation
are resonant:

dg x, + @) x, = f,, €+ NRT +c.c.
do v, +@, 0, = f,,€"°+ NRT +c.c.

where:

fii=—2iw, d, A4 +ioud —3c+i(b, +b)o 147 A — 6byw,w; 4 4,4,
1o i=—2iw, d, 4, +iva, A, —3[c +i(b, +b,)®;]4; A, — 6b,w}w, A 4 A,
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> Zeroing the secular terms requires fi; = f,, =0, from which:

-

1 3. ¢ — _
di4, = E/UA1 T E[l P (b +by) oy 147 4, —3byw; 4,4, 4,
4 1
1 3 . C 21 42 4 2 A
dlAZ = EVAZ + E[l a)— — (b2 + bO)a)Z ]A2 A2 — 3b0a)1 AlAZAl
\ 2

e First-order solution:
The previous equations are multiplied by ¢** and use is made of the inverse
transformations &4, — 4, e(x,v) = (1,v), ed, > D | so thatd, 4, = 4, . By
using the polar forms:

4, (f)::%ak (1)e"" k=12

four real bifurcation equations follow.
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e Amplitude modulation equations:

.1 3 3
@ = E/ual 3 — (b +0 )a)l al 4 boa)z2 alaz2
1 3 3
a, = Eva2 . = (b, +b,)w>a; — 1 ~b,w; ala,

e Phase-modulation equations:

alél :g - 013
1
P,
%@zgcg
2

Q Note: in the non-resonant case, the real-amplitude equations are
uncoupled from the phase-equations . Therefore, the essential dynamics
of the system is governed by the reduced set of two (RAME) equations.
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m Steady solutions, bifurcation chart and bifurcation diagrams

e Steady motions:

Are the fixed points a, =a,, =const, a, = a, =const. Assume b, =b, =b>0,

B =by/b>0, The steady motions are solutions of:

(

1lu 3
W22 -2 1+ profa; -2 potal] =0
1v 3 3
az[____(l"'ﬁ)wzaz 4,30)126112]20
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e Four essentially different solutions, (s=7,F,F,,0):

(T): a,=0,a,=0,V(u,v)

1 4
(B): ap= a , Gy =0, Vv
w, \| 3b(1+ p)

1 4y
P): =0, = v
(B): ap dyp o, \/Sb(l—l—ﬂ) M

2pu— 1+ p)v

©0): 2 \/ 28v—(1+ B)u 2

= , a =
Yo\ 3BAE-28-1)" P w,

|

3b(34% -2 —1)
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e Meaning of the solutions:

(7) 1s the trivial solution, which corresponds to the equilibrium position of the
system.

(P,) is the mono-modal periodic a,-solution:

3
x=a,,C08(Qt+6,), y=0, Q =0 125 a’
8 o,
(P») 1s the mono-modal periodic a,-solution:
3 c ,

x=0, y=a,,c08(QQ,t+6,) Q, ::a)z-l—g—azp
2

(0) is a bimodal quasi-periodic solution:

3c 3c
X = ay, COS(C4t +6,y), ¥ = a,, COS(Qyt +0y), Q) ==, + 8—an, Q, =, +8—a22Q
W W,

since @,and o, are iIncommensurable.
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e Existence domains of the solutions

Since the amplitudes are real and positive:
» the T-solution exists in the whole plane
> the P;-solution is defined in the « = 0half-plane

> the P,-solution in the v 2 0 half-plane
» the O-solution requires:

2B 1+ .
1+,B'u<v< 2,8” If f<1
1+ 28

= Eou<v<= 4y if g>1
Zﬁu 14 1+ﬂu p

i.e. it exists in the sector bounded by 7 ={(x,v)|v =1+ B)/(28) 1},
r, = { (V) v =28) I+ B)u} .
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> At a4y, =0,a,,=a,,; at T2 Gg = dp, Gy =0

» liand % are bifurcation loci, where a quasi-periodic motion bifurcates
from a periodic motion.

v az 1% s (1
V' e} as A 2 ) 12
020 § g % 020 ﬁ .
i i 7
[ [ 7
[ a a, ! a; / a
7

015} 0.5}
[ - [ / r
az : I A B _ -~y : I g/ D 71
0.10 0.10
) [ ~ '.(; 2 [ 7
P - 2 / as
<
@105 P 0.5 il
-~ 7
<~
A 1 a1t £ ay
005 0.05 010 0.15 020 bl | —0.05 005 0.10 0415 0.20 >l ’

() (b)
Bifurcation chart for: (a) f=1/2and (b) f=2

37



Planar bifurcation diagrams:

A A
030
025}
020}
w o Nwo D,
E > : - ——— -
o10f ! /\’\ |
o.w7/ i// \
i asg \
s o o ‘o.‘mm
(b)

Bifurcation diagrams for (a) f=1/2and (b) f=2; v=0.1, o, =1, @, =1.7; ---- stable,
--- unstable
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e Stability of steady-solutions

Variation of the amplitude equations:

oaq _3 oaq
sa,) °\da,

where:
%_gbwf 1+ B)al - ﬁba)2 a; _gﬁba);alsazs
J =
s 3 ) v 9
~ Phoja,a, L - 2boi U+ e~ ot

IS the Jacobian evaluated at the steady-solution s.

In order that s is (asymptotically) stable, both the eigenvalues of J, must have
negative real part.
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For each solution:

> Trivial solution (s=7): J, =diag[x/2,v/2], i.e. the trivial solution is
stable in the third quadrant and unstable elsewhere;

» Periodic solutions (s=P1,P»):

. Vv ;
1, =diagh-pn g 21, =diaglr S -2

An eigenvalue is always negative; the other vanishes at the straight lines
, and 7. The Pi-solution is stable below >, and the P,-solution is stable

above 11 .

(continue)
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» Quasi-periodic solution (s=Q):

tr[JQ] __ (1+],-B)(IU+V) | dEt[JQ] _ 20v—1+)u 2u—(0Q+ p)v
+3p g1 1434

v' For asymptotic stability tr[J,] <0, det[J,]>0 simultaneously.

v tr[J,]<0 in any points of the existence domain;

v’ det[J,]=0 at %and ’2; inside the domain:
det[J,]>0 when S <1 (Q-solution stable),
det[J,] <0 when £ >1 (Q-solution unstable).

41



DIVERGENCE-HOPF BIFURCATION

m EXAMPLE: TWO COUPLED RAYLEIGH-DUFFING OSCILLATORS,
BOTH UNSTABLE

The x-oscillator undergoes a dynamic bifurcation, governed by the parameter ;
the y-oscillator, suffers a static bifurcation, governed by the parameter v :

¥—pux+o’x+bx’ +cx’ —b,(y—x)°(y—x%)—c,(y —x)°> =0
PHEY vy b3+’ + by (y—x) (7 =) + ¢ (y—x)° =0

where £=0(1) >0,
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e Discussion on stability:

(0, +iw)

11
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e Rescaling:

1/2 1/2
X

(u,v) > (eu,ev),  (x,y) > (677x,677)

e Series expansions:

x(t; €) B Xo(tgstystsse ) X (¢,,8,t,, ) ) X, (ty, 2,1,
(y(t;g)j_ yo(toJl’tz"") te yl(to’tlitz"") té yz(to;fl,f2,°--) + -

d d’

d? d>

where t, =&'t, and d,=0/or,

—=dy+ed+&7d, 4, —— =di+2ed,d,+&% (dF+2d,d, )+
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e Perturbation equations:

0 (dg X, +@°x, =0

| \dg Yo+<édyy, =0

[ d?x, +w’x, =—2d,d,x, + pd x, — b, (dyx, )? - cx

' by (Vo = %) (Ao —doXe)” + o (Vo — %)
gy, + Edgy, = =200,y = Edyy, + vy — by (dgy,)’ — v
\ ~by (Yo = %6)(doyp —doXg)* — o (5 —X,)’

e (enerating solution:

{xo =4,(,,1,,...) " +cc.
Yo =4, (tl’tZ"")
where 4, € C, a, e R. The x-oscillator experiences a harmonic motion, slowly

modulated; the y-oscillator rests in a non-trivial equilibrium position, also
modulated.
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e & -0rder:
» equations:
d2 x, + w?x, = £, €+ NRT +cc.
{ §y1+§d0 W= fr0+(NRT +c.c.)

where the resonant excitations terms are:
fu=—2iwd 4 +iouA,
—[3(c +c,) +ibyw + 3ibw’ 1A A, — (3¢, + ibyw) A a;
foo=—¢da, +vA, —(c+ c,)a; —6c,A4 Aa,
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> Removing secular terms requires: /1, =0and f,, =0, from which:

d, 4, = %yAl + %[i i(c+c,)—b, —3bw* 4> A, — (3¢, +ibyw) Aa’
Q
dya, = é[VAz —(c+¢o)a; —6cy A 4a,]

e Parameter reabsorbing:
By multiplying the equations by &*? and using &4 = 4.&"°a, > a,,
together with £(u,v) = (w,v), ed; —> D, and by expressing 4 in the polar
form, three real bifurcation equations follows.
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» Two amplitude-equations:

1 1 1

| a = E:ual _g(bo +3bo) )a; _Eboalaz2
a, = éva2 —i(c +c,)wa; —Zicoafa2

» One phase equation:

0 Note: The amplitude equations governing the non-resonant double-Hopf
bifurcation and the divergence-Hopf bifurcations have the same (normal)
form.
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EXAMPLE: RAYLEIGH-DUFFING COUPLED OSCILLATORS IN 1:1

OR 1:3 INTERNAL RESONANCE

¥—pux+w/x+bx’+cx’ —b,(y—x)° =0
J—vy+wiy+b,y° +cy’ +b,(y—%)° =0

where:

0, =w,+s0, 0,=ro, o=0(1)

In which the detuning o 1s the third bifurcation parameter.
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e Perturbation equations:
By following the same steps of the non-resonant case, we get:
0 {dg X, +@.x, =0

dy o + @, 5, =0

f dé X+ a)lle =—2d,d,x, + 2 dyx; _bl(d0x0)3 _ng + b, (dy ), _doxo)3

M

: dg YT @22y1 =-2d,d,y, +vdyy, = b, (do)’o)3 _Cyg —by(dy g —d0x0)3
—20,0y,

e Generating solution:

Xo =4 (t,t,,..) €™ +cc.
Vo =4, (t,1,..) e +cc.
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e & -order:
» equations:

The harmonics (@, @,;3w®;,3w,,®, £ 20,20, T ;) arise:

( do X, + @) x, = fi2€+ fi, e + J130 g7+ Jr03 g7
+f1,21 ei(2w1+a32)to 4 f1,§1 ei(c?)Z—Za)l)to
+fi ooy | fis oi(2o o)t | . .

02 3, + @2y, = fy, €0+ £, €70+ [, 00 €70 4 f, €770
+f2,21 ei(2w1+a32)to n f2,§1 el'(c?)z—Za)l)tO

+fz,12 p/2@ra)ly f2 - /oo | .

where:
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fr1=2iw, d, A4 +iowud, —3c+iwl (b, +b)] A’ A, —6ibyw,o; 4 4,4,
frr=—2iw,d, 4, + w,(iv—20) 4, 3[c+za)2 (b, +b )]A A —6ib,w, a)ZAAA
fr = 6ibwlw, A A, A +3ibyws A Ay, [y, = 3ibyw; AL A + 6ibyw,0; A A, A,
frzo =[—c+io) (by +b)1A, [z =—iby’ A
fros =—ibw, A3, fro =[—c+iom; (b, +b,)]4,
fron =—fom =—3ib @ 0, A Ay, [0 =~ [z = —Biby 0,4} 4,
Friz =—forp = Bibyw,w, 4 47, ity =1 =3ibywy0 . A A

» Zeroing secular terms:

In a first-order analysis it does not need to compute all the f~coefficients,
but only the resonant ones. By inspection:

ﬁ.,l + 5r1 (]pl,Z + ]pl,ZI + -fi,Iz) + 5,/3,]{1,51 =0
f2’2 + 5r1 (f21 + fz,zI + fz,Iz) + 5r3f2,30 =0

where 0, is the Kronecker symbol (o, =1lif r=k, 6, =0if r#k),



m The r=1 case

The complex AME read:

( 1 3..¢C — —
d4 = EIUAl T E[l P (b +by) oy 147 4 —3byay 4,4, 4,
1
2 44 3 2 42 4 3 2 4 42 3 2 4274
+3b,cw; A A A, + Ebowl A4, - Ebowl A A5+ Eboco1 45 4,
J
d, 4, = (% V+ic)A, + g[i a)i —(b, +b,) 0?42 A, —3byw? A, A, A,
1

+3boa)12 A A, 22 + gboa)f AfZl — gboa)f Af ZZ + gboa)f ZlAZZ

in which @, = @, has been considered. By absorbing the parameter ¢, using the

polar representation and separating the real and imaginary parts, four real
bifurcation equations follow:
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a, = %,uaz1 = (b, +b)w/a’ - 2[90&)12 [2+cos(26, - 20,)]a,a;

+§boa)12a12a2 cos(6, —0,) +§b wa; cos(6, —6,)

i, = %Vaz 3 (b, +b,)?a — gboa)f[Z +c08(20, - 20,)]d’a,

"‘gboa)lzaf cos(6, - 0,) + %boa)falazz cos(6, - 6,)

a,0, = giaf +§boa)12afa2 sin(, - 6,) +§b w?al sin(6, - 6,)

1

—gboa)lzalas sin(26, —26,)

a6, =oca, +§a)ia§ +§boa)12a13 sin(6, - 6,) +§b0a)12a1a22 sin(6, - 6,)
1

—gboa)lzafaz sin(26, — 26,)

Q Note: the real-amplitude equations are coupled with the phase-equations
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Since phases appear as a linear combination, we introduce a phase-
combination:

y =6 -0,

and recombine the phase-equations accordingy = 6, -0, . We obtain:

> three RAME in the state-variables {a,,a,,7}:

a, = %,ual — g (b, +b) o} a; —gboa)f[Z +¢0S 2y)a,a;

9 3
ta byw’a’a,Cosy + 3 byw?a; cos y

a, = %Vaz2 — g (b, +b,) 0 a; — gboa)f[Z +c0s2y]a’a,

+§b0a)faf COSy + %boa)falazz CoSy
. 3 C 2 - 3 3 2 - C 3
a,a,y =—oa,a, +—(—+b,w; sin2y)a;a, +—(b,w; Sin 2y ——)a,a,
8 w, 8 o)

3 _ 3 . 3 :
_gboa)lzaf Sin 14 —Zboa)lzalzazz SIN }/—gboa)lzag SIN Y
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»two phase-equations:

-

\

. 3 c 3 : 3 : 3 :
a0, =——a +=bwaa,siny +=b,w.a; siny —=b,w.a,a; sin 2y
0} 8 8
- 3¢ 3 : 3 : 3 :
a,0, = ca, +——a; +—bw/a; siny +§b0a)12a1a22 sin y —gboa)fafaz sin 2y
a)l

Once the RAME have been solved, the phase-equations can be integrated
by quadrature.

0 Note: while the RAME of a non-resonant system are pure-amplitude
equations, those of a resonant system are mixed-amplitude-phase
equations.

56



m The r=3 case

In a similar way, the complex AME are found to be:

-

\

in which @, =3, has been substituted.

di4, = %/UA1 + g[la)i — (b, + bO)a)lz]Alzzl - 27b0w12A1A222 _%boa)fZlZAz
] . .
d, 4, = (%v +ic) A, + %[ia)i —27(b, + b)) w1 A; A, —3byw? A4, A, A, —gbowaf
1
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After parameter reabsorbing, and use of the polar representation, we obtain four
real bifurcation equations:

-

1 20, , 5, 9

a, = E,ual (b +b)wa; — 1 — b0, a,a, —gboa)fafaz cos(36, - 6,)
.1 3, 2, 1., 53 _
a, = Eva2 (b +b,)wa; — 1 —b,w, a; a, ﬁboa)1 a, cos(36,—6,)

a6, = giaf + %boa)fafaz sin(36, -6, )]

1 c 1

a6, = oa, +§—a§ —ﬂboa)faf sin(36, —6,)]

They suggest the following definition for the phase-combination:

y =30,-0,
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» The RAME are:

.1

4, = E/ual
1
a, = EVCIZ

alazj/ =—-oqua, +—

k

(b +b)w!a; —

(b +b,)w/a; —

903 1lc

—a'a,———
@,

@,

» The phase-equations are:

3¢

27 9

— b, aa; — 8b w.aa,Cosy

3

1 :
a,a; +ﬂboa)12a14 SIny +

9

a; +§boa)12a12a2 sin y

3 2 3 ai
a, ——b,w;a; siny

27ba)
8

1 ~b,w ala, + 2—14 (b, + b)) w}a; cosy

Cala; siny
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e Response (» =1,3 cases)

After integration, the RAME furnish a,(¢),a,(¢), 7 (¢) ; successively, the phase
equations give é,(¢),6,(t). The response read:

x = a,(t) cos(D,(¢)) + h.o.t.
{y =a,(t)cos(D, () + hot.

where:
D,(t)=wt+06,(t), D,()=0w,t+06,()

are total phases.

60



