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STATIC BIFURCATIONS

m A two-dimensional system, undergoing a simple divergence bifurcation

A system already analyzed by CMM, with an imperfection # added:
(J’Cj_{,u O}(x]+ xXy+ex +n
% 0 —-1[\y bx’

(x,9) > (ex,6y), u—>&eu, no>en

e Rescaling:

The equations become:
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e Series expansions:

[x(t;g)j (xo(toatlatza'”)] (xl(t09t19t29”')j 2[x2(t0,t1,t2,---)]
= y +& o
y(t;g) yo(thtptz:"') yl(thtlatza'”) yz(toatlatza'”)

d "

a:dOJrglen«;zd2+---, d =0/dt, t =¢t,

e Perturbation equations:
. {do x,=0
g
dy ¥y +¥,=0
ol {do x, =—d,x,+x,),
dy i +y,=-dy, +bx§

22 .{do x, =—d,x, —dx, +(xp, +x,,)+ ux, +cx(3) +1
d, y, +y, =—d,y, —d,y, +2bxx,



e (Generating solution:

{xo =a(t,t,)
v, =k(t,t,)e ™"

By ignoring transient motions, the steady contribution only is retained:

{xo =a(t,t,)
Yo =0

QO Note: the passive variable y does not enter the generating solution.



e c¢-order:

» equations:
d,x, =—-d,a
dy y, +y, = ba’

» elimination of secular terms:

da=0
» solution:
By omitting the complementary solutions:
x, =0
y, =ba’

QO Note: the link between passive and active coordinates is established at
this order.



o ¢’-order:
» equations:

{do x,=—d,a+ua+(b+c)a’ +n
doy, +3,=0

» elimination of secular terms:
d,a=pa+(b+c)a’ +n
e By coming back to the original, not rescaled, variables, through:
ca—a, gu—>u, en—-n &d,—>D
the bifurcation equation follows:
a=ua+b+c)a +n

(coincident) with that furnished by the CMM, with the imperfection added.



e Bifurcation diagram for the perfect system 7 =0

X = ux+ X (quantities renamed)

One or three equilibria exist at the same u: x, =0V and Xxr =E—#/¢ for
u/c<0. This 1s a fork bifurcation, super-critical if ¢<0, sub-critical 1f c¢>0.
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Q Note: An exchange of stability occurs at the bifurcation point.



e Bifurcation diagram for the imperfect system 77 # 0

X = px+cx’ +1 (quantities renamed)

O The branch point 1s destroyed by imperfections, and saddle-node
bifurcation points appear; the fork bifurcation is structurally unstable

O In the sub-critical case, imperfections of both signs reduce the maximum
stable value of u.

O In the super-critical case, imperfections have non-catastrophic character.



m A three-dimensional system, undergoing a double divergence bifurcation

We study a codimension-2 static bifurcation:

x) [ 0 0](x xXz+cx’ +1
yi=l0 v 0| y|+ yz+czy3—|—77
z _0 0 —1_ zZ blxz -|—b2y2

Here, the Jacobian J admits the (semi-simple) double eigenvalue A=0 at

n=(uc,v.)=(0,0). In the CMM view, X, =(x,¥), X, =(2).



e Rescaling:

After the rescaling (x,y,z) > (&x,€y>62), 1t —> g v —e’vin—en the
equations read:

0 O |(x Xz HX+Cx +1]
yi=l0 0 0| yl|+e vz +&* | vy+c,y’ +n
z 0O 0 1|z b1x2—|—b2y2 0

e Series expansions:

X(t,g) xo(toatlatza'”) xl(toatptza'”) xz(t()atlatz)“')
W(t;8) | =] Yoltystistys o) | +&| Yi(Ey, 1,8, ) +&° Vo, tistyyeee) |+
Z(tag) Zo(toatlatza'”) Zl(t09t19t29”') Zz(toatlatp'”)

d

E:d(ﬁgdl"‘gz dy+---, d, =0/, =81,
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e Perturbation equations:

(d, x,=0
g’ :3d,y,=0
dyz,+2,=0

d,x, =—dx, +x,z,
& 19dy y =—=dy, + 32
d,z, +z, =—d,z, +bx. +b,y,

)
3
d,x, =—d,x, —dx, +(x,z, +x,z,) + ux, +c,x, +1

g 9dyy, =—=d,y, —dy, + (12, + Y2+ VY, +Czy3 +n
d,z, +z,=—d,z, —d,z, + 2bx,x, + 2b,v,y,
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e (Generating solution:

X, = a,(t,t,)

1 Yo =a,(t,,1,)
(%0 =
e c-order:
» equations:
(do x, =—dq,
1dyy =—da,
dyz, 2z = blazl2 - b2a2

2
> Secular terms:

da =0, da,=0
» solution:

-

x, =0
»=0

_ 2 2
1z, = ba; +b,a,

N
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o ¢’-order:
» equations:

( 3 2
d,x, =—d,a, + ua, + (b, +c)a;, +b,a,a; +n

N

2 3
d, v, =-d,a, +va,+ba a, +(b,+c,)a, +n

kdozz—i—z2 =0

> elimination of secular terms:

{dzal = pa, + (b + Cl)af + b2a1a22 +7

2 3
d,a, =va, +ba;a, +(b,+c,)a, +n
¢ Bifurcation equations:

a, = a[u+ (b +cl)a12 +b2a22]+77
d, :az[v+b1a12 +(b, +Cz)a22]+77
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e Steady-state solutions for the perfect (#=0) system::
() : a,=0,a,=0, V(u,v) (Trivial)

(M): a’>0,a,=0 (Mono-modal)
(M,): a,=0,a;>0 (Mono-modal)
(B,): a; >0, a;>0 (Bi-modal)

Solutions (M), (M;),(B) exist only in a sector of the (u,v)-parameter plane. In
some sectors more solution can be in competition.
» Example:
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SIMPLE-HOPF BIFURCATION

EXAMPLE: TWO RAYLEIGH-DUFFING OSCILLATORS, ONE
STABLE, THE OTHER UNSTABLE

X—pux+w’x+bx’ +cx’ —b,(y—x)° =0
P&+, y+b,y +oy’ +b(y-x) =0

with ¢ >0,

e Rescaling:

1/2

p—sn  (x,y)—>("7x,6"7y)
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e Series expansions:

x(f;g)J (xo(toatlatza”')] (
= +e
y(t;¢€) Voltystisty5+7)

where ¢, =&t .

|

e Chain rule:

d

d¢

. 2
=d,+ed,+&°d,+--,

where d, :=0/0, .

xl(toatlatza'”)j_l_gz [xz(to,tl,tz,.“)j-l—'“

Jﬁ(toatlatza”')

2

d¢

5=

yz(toatlatza“')

di+2ed,d+ &% (di+2d,d, )+
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e Perturbation equations:

d; x, +@’'x, =0

\dé y, +Ed v, + @iy, =0

r d; x, +w’x, =-2d,d,x, —b(d,x,) —cx; +b,(d,y, —d,x,) + zd,x,

Aoy +Edoy + @,y =-2dyd v, = b, (dgy,)” — ey —by(dey, —dox,) =& dyyg

" d? x, + @}x, =—(2d,d,x, +d’x, +2d,d,x,) — 35, (dyx,)(d,x, +dyx,)
—3cx; x, +3b,(d, v, —d,x,)*(d,y, +d,y, —d,x, —d,x,)

E 3

E N

+u(d,x, +d,x,))

cy,+Ed Y, @y, =—(2d,d,y, +diy, +2d,d,y,)-3b,(d,y,)’(d,y, +d,»,)
—3cyiy, —3b,(d,y, —d,x,)*(d,y, +d,y, —d,x, —d,x,)
—c(dyyp +dyyy)

Pl
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e Generating solution:
x, = A(t,,t,) e +cc., y,=0

since the y-oscillator 1s damped. Therefore: x = active coordinate, and y=
passive coordinate.

e & -order:
» equations:
di x, +o'x, = f,, "+ f,, "+ cc.
d; y, +&Edy, + @iy, = fo e’ 4 frs e 4 c.c.
where:

S ==2iw d, A+iuw A-3[c+i(b, +b)w] 144,
f1,3 =[—c+i(b, + bl)a)f]A3
for=3ibyo} A’ A, f,, =—ibw] A’
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» elimination of resonant terms requires f,; =0, from which:

d A= yd 420 (b + bV 147
2 2 o

The y-equation, does not require any additional condition.

» Solution:
X, =— f1’32 e’ +c.c.,
I0)
Ja - a3 -
yl — . 2, . eza)lt0_|_ - 2, : e3za)1t0+cc
W, —;, +iéw, w, =90, +3ilw,

Q Note: Only the particular solutions have been considered, since the
complementary x-solution repeats the generating one, and the
complementary y-solution decays in time.



2
e & -order:

» equations:

d; x, +w'x, =—(2d,d,x, +d;x, +2d,d,x,)—3b,(d,x,)*(d,x, +d, x)
=3ex,x, +3b,(dyx,)* (doy, —dox, —d, xp) + £(dx, +dx,)

The d; x, term requires evaluation of :

d’ 4 =lyd1 A+3[ii—(b0 +b)w}(24Ad, A+ A% d, A)
2 2 o,
=% w1 A=3u(b, +b)w] A A
9 ¢

—Z——9z(b +b,)cw, + 27 (b +b) 0! A4

wl
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» elimination of secular terms:

2
. M 3¢ 27
d A=—i4-2C5 44
? 8, 4a)f'u
3 15¢> 9
+H—=c(b, +b)—i +—iw’ (b, +b)’
(=5 e +h) 6w 16 L (by +b))
+9ib§a)15(l - 1 .
2 w, -9, +3iw,
+ : 1 : )]A* A’

2 2 . 2 2 .
w, -, +idw, 2w,—-o —ilow,
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e Reconstitution method and parameter reabsorbing:

A=gd, A+&°d, 4

This equation 1s multiplied by &% and quantities transformed back as
g2 A— A, gu—> u, thus obtaining a complex bifurcation equation:

. 1 .,uz 3.¢c 3¢ 271 427
A=(-u—-i—)A+=-[i————pu—(b,+b)w 14" A

(2ILI 80)1) 2[ o 4a)1zlu (by + b))y ]

3 15¢° 9

+H—=c(b, +b)—i +—iw’ (b, +b)’

[ 2 (O 1) 16 a)l?, 16 1( 0 1)

+%%wﬂl - 1 — +— 1. 1 - 1. )14’ 4

2w, -0 +3ilw, o, -—w +ilw, 2 o,—-0 —ilo,
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Using the polar form:

and separating the real and imaginary parts, two real bifurcation equations
follow.

e Amplitude equation:

1 3 3 ¢
Cl:E/JCZ—[—(bO +b1)a)12———2,u] .
1
3 27 1 1
H———c(b, +b)+=—b ¢l + a’
[ 32 (o *41) 32 0 1((a)22—9a)12)2+9§2a)12 (a)zz—a)f)2+cfza)12)]
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e phase-equation:

aS——;’Z)jaJrZ;ICf
+[2156(b0 +b)’ @ 21556;);
—3%1902&)17((0)22 —9@1222 +9&%°w! " (w; —0)12;2 +E !
+3221956015%2((&)22 —9a)12;2 +9E°w! * (w; —a)f;z +E ! N

0 Note: The essential dynamics of the original system is governed by a
one-dimensional amplitude-equation.
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e Response of the system:

x = a(t)cos(D(t)) +a’ (z‘)[3i2i2 cos(3D(1)) + 3% (b, + b)), sm(3D(¢))]+

a)l
_3 3 b§0)4 . boga)f
Y= 0 O 3 T oSO~ s cos(30(0)
by (v’ —w3) b O’ —w) .
+(a) ) sm( (1)) — (@ —9a7) + 950" sin(3dD(7))] +
where:

O)=wt+0(2).

25



m Steady solutions:
a=a =const @ =i =const
are limit cycles, of amplitude ¢, and (nonlinear) frequency ® = @, + x = const

e Remarks

(a) At leading order, only the active coordinate x, contributes to the motion.

(b) At a higher-order, also the passive coordinate y 1s triggered. This does not
contribute with its own free evolution, but rather is forced by the active x-
coordinate

(¢) Taking into account passive coordinates, does not increase the dimension
of the amplitude equations, but just gives a more accurate description of
the dynamics
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NON-RESONANT DOUBLE-HOPF BIFURCATION

EXAMPLE: TWO COUPLED RAYLEIGH-DUFFING OSCILLATORS,
BOTH UNSTABLE

¥—pux+a’x+bx’ +cx’ —b(y—%x) =0
y—vy+awiy+by +cy’ +b,(y—x) =0
whre @, #rw,,VreQ .

e Linear stability diagram:

& § / [11

T Of(e)
+iwo

e >
|/ g

Stable
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e Rescaling:

1/2 1/2
X

(u,v) > (e, ev) (x,y) > (e 7x,67y)

e Series expansions:

[X(l‘;&')] (xo(toatlatza'”)] (xl(tmtl:tza'“)) ) [xz(toatptz:'“)]
= + & + & + .-
y(tag) yo(tODtlatza'“) yl(t09t19t29'”) yz(t09t17t29°")

2

7=

i:do+<«9d1+g2 d,+--, d——d§+2gd0 d1+52(df+2d0 d2)+---

dt dt

where /; = gktk and dk = a/étk .
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e Perturbation equations:

2 2.
80.{d0x0+a)1x0—0

dé Y, + a)zzyO =0
Sl {dé X+ wlle =—-2d,d,x, + pd x, — b (dox0)3 - ng +b,(d,y, —dyx, )3
dé 32 +w22Y1 =-2d,d,y, +vd,y, _bz(doJ/o)3 _Cyg —b,(dyy, _doxo)3

e Generating solution:

Xo =4 (1,,1,,...)e" " +c.c.
Vo =4, (t,1,,...)e" " +cc.
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e & -order:

» equations:
Cubic terms produce harmonics (@, @,;3®,,30,,0, £ 20,20, o))
among them, only @, in the first equation and @, in the second equation
are resonant:

d; x, +w/x, = f,,€“"+ NRT +c.c.

d; y,+w.y, = f,,e"+ NRT +c..

where:

fiy==2iw, d, 4 +iopd —3[c+i(b, +b)w] 14’ 4 — 6byw,w; 4 4, A,
for = =2iw, d, A, +ivw, 4, = 3[c+i(b, + b,)w; 14, A, — 6b,w 0,4 A A,
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> Zeroing the secular terms requires f,; = /., =0, from which:

-

d 4 = %/JAl +%[ia)i_(b1 +b0)a)12]A1221 _3boa)22A1A222
4 1

d A = %Wg +%[iwi— (b, + b))’ A4, —3b,w’ A A A
L 2

e First-order solution:
The previous equations are multiplied by &*? and use is made of the inverse
transformations &4, = 4,, &(1,v) = (,v), 6d; > D, so thatd, 4, = 4, . By
using the polar forms:

4, (1) ==a,(£)e"" k=1,

four real bifurcation equations follow.
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e Amplitude modulation equations:

.1 3 3

| a, = E,uaz1 . =(b, +b)w’a — 2 =~ b,w3 a,a;
.1 3 3
azzzva2 8(b +b))w;a; — 4b w’a’a,

e Phase-modulation equations:

. 3
a,0, ___af
8 o,
<
. 3 c
_ 3
,

Q Note: in the non-resonant case, the real-amplitude equations are
uncoupled from the phase-equations . Therefore, the essential dynamics
of the system is governed by the reduced set of two (RAME) equations.
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m Steady solutions, bifurcation chart and bifurcation diagrams

e Steady motions:

Are the fixed points a, =a,, =const, a, =a, =const. Assume b, =b, =b>0,

f=b,/b>0. The steady motions are solutions of:

(

lu 3 3
<a1[zz__(1+:8)w1a1 4ﬁ0)2a2] 0

lv 3 3
az[____(1+ﬁ)a)2a2 4180)1 a;]=

33



e Four essentially different solutions, (s =7, F,P,0):

T): a,=0,a,, =0,V(u,v)

1 4u
(B): ap \/ a,, =0, Vv

~ w3601+ )
1 4y
P): =0, = , V
) =0, o wz\/3b(1+ﬂ) a

20u—(1+p)v

©0): _2\/2ﬂv—(l+ﬂ)ﬂ o2

C W 3G -28-1)" T

|

3b(33° -2 -1)
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e Meaning of the solutions:

(7) 1s the trivial solution, which corresponds to the equilibrium position of the
system.

(Py) 1s the mono-modal periodic a,-solution:

3
x=a,cos(Qt+6,), y=0, Q =, +—iafp
8 w,
(P,) 1s the mono-modal periodic a,-solution:
3
x=0, y=a,,cos({,1+0,), Q,=0m, +§iazzp
0,

(0O) 1s a bimodal quasi-periodic solution:

x=a,,co8({t+6,), y=a,,cos({t+6,)),Q, =0, +8—a1Q, Q, =w, +8—a2Q
a)l 0)2

since @, and @, are incommensurable.
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e Existence domains of the solutions

Since the amplitudes are real and positive:
» the T-solution exists in the whole plane
» the P;-solution is defined in the # = Ohalf-plane

» the P>-solution in the v =0 half-plane
» the O-solution requires:

20 v B e g

V<
1+5" 28~
B <2l ) if g
20 1+ f

i.e. it exists in the sector bounded by 7 = {(,U, v)|lv=~1+/p) /(2,8),11} ,
r={(v) V=28 I+ Buf.
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»At i a,=0,a,, =a,p;at 1 g = dip =0

» hand % are bifurcation loci, where a quasi-periodic motion bifurcates
from a periodic motion.

v, 42 v as a:
4 ry 92 A 9 b
020 i 0.20 i /‘
[ [ 7/
: a1 a - ay o/ a
045} ‘1 015} 7
o ol A B -~ ! C, D 1
I - 2 ! -
0.10} & o.10} &
-
R aq - < 7
0.05 - E g J/ 0.5 / E S\ :/
- 7
<
- ai S 2~ y 1
-0.05 0.05 010 0.15 020 bl y -0.05 0.05 0.10 0415 020",
a1 005 (12‘ i a2 05 az ! :
a ay a1 ai

() (b)
Bifurcation chart for: (a) f=1/2and (b) =2
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e Planar bifurcation diagrams:

0.30|
025[
020}

0.15|

0.10f

0.05|

0.05 0.10 0.156 0.20 7L

Bifurcation diagrams for (a) f=1/2and (b) f=2; v=0.1, w =1, w, =1.7; ---- stable,
--- unstable

38



e Stability of steady-solutions

Variation of the amplitude equations:

oaq, _3 oaq,
sa,) °\da,

where:
9 3
g_gba)l (1+18)a1s__ﬁba)2a2s _Elgba)ialsa%
J, = 3 5
| 4
_Eﬁba)lzalsal? 5 _gba)Z (1 + IB)aZ __IBba) als

1s the Jacobian evaluated at the steady-solution s.
In order that s is (asymptotically) stable, both the eigenvalues of J, must have
negative real part.
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For each solution:

> Trivial solution (s=T7): J, =diag[/2,v /2], i.e. the trivial solution is
stable in the third quadrant and unstable elsewhere;

» Periodic solutions (s=P1,P,):

I, =diag[—,u,z—ﬂ, J, =diag[-v,—- ]
2 1+ 2

An eigenvalue 1s always negative; the other vanishes at the straight lines
¥, and 7. The P;-solution 1s stable below 7>, and the P,-solution 1s stable

above 11 .

(continue)
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» Quasi-periodic solution (s=Q):

tr[JQ]:_(l'Flﬂ)(/u"‘V), det[JQ]: 2ﬂV—(1—|—ﬂ)/u 2,Bﬂ_(1+ﬂ)v
+3p B-1 Y

v" For asymptotic stability tr[J,]<0,det[J,]>0 simultaneously.

v tr[J,]<0 in any points of the existence domain;

v det[J,]=0 at 7and %; inside the domain:
det[J,]1>0 when £ <1 (Q-solution stable),
det[J,]<0 when S >1 (Q-solution unstable).
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DIVERGENCE-HOPF BIFURCATION

m EXAMPLE: TWO COUPLED RAYLEIGH-DUFFING OSCILLATORS,
BOTH UNSTABLE

The x-oscillator undergoes a dynamic bifurcation, governed by the parameter #;
the y-oscillator, suffers a static bifurcation, governed by the parameter v :

¥—pux+a’x+bx’ +cx’ —b,(y—x)°(y—x)—c,(y—x) =0
j}+§)>—vy+b2)>3 —I—Cy3 +bo(y_x)2()>_x)+co(y_x)3 =0

where £ =0(1) >0,
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e Discussion on stability:

(0, +iw)

11
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e Rescaling:

1/2

(1. v) > (g,ev),  (x,3) > (e77x,67y)

e Series expansions:

(x(t;g)j (xo(toatptz:'”)] (xl(toatptza”')) ) [xz(toatptza“')]
= + & + & 4.
y(f;é‘) yo(toatptz:'“) yl(toatptza'”) yz(t()atlatza"')

d d’

dt dr*

where [, = gktk and dk = a/atk .

—=dy+ed+e dytr, —=di+2ed,d+&7 (d+2d,d, )+
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e Perturbation equations:

(dg x, +@°x, =0

(5 vy +Edy, =0

( d; x, +w’x, =-2d,d,x, + d,x, — b (d,x,)’ —cx;

L +b0(y0—x0)(d0y0—d0x0)2+co(y0—x0)
|+ doy =2dyd v, —Ed iy, vy, b, (dyy,) ~
\ =By (¥ = X )dgyy = doX0)" =4 (¥ = X,)’

3

e Generating solution:

{xo = 4,(t,,1,,...)e"" +c.c.

Y, = 4a, (tl,tz,...)
where 4, €C, a, e R. The x-oscillator experiences a harmonic motion, slowly

modulated; the y-oscillator rests in a non-trivial equilibrium position, also
modulated.
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e & -order:
» equations:
dyx, +@’x, = S, €+ NRT +c.c.
{ o t&dyy = Jr0 T (NRT +c.c.)

where the resonant excitations terms are:
S =2iwd, A +iouA,
—~3(c+c,) +ibyw +3ibw’ 1A' A, — (3¢, +ibyw) A a
fro=—¢cd,a,+vA4, —(c+c, )a, —6c,4 Aa,
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» Removing secular terms requires: f,; =0and f,, =0, from which:

d 4 =—uA + [—z(c+co) b, 3ba)]AA — (3¢, +ib,w)Aa;

d,a, [VA, —(c+c,)a; —6c,4, Aa,]

1
2
_1
S
e Parameter reabsorbing:
. . . 3/2 . 1/2 1/2

By multiplying the equations by €~ and using & 4 => 4,6 "a, > a,,

together with (4, v) = (1,v), £d, > D, and by expressing 4 in the polar

form, three real bifurcation equations follows.
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» Two amplitude-equations:

.1 1 1
| a, = 5:”‘11 _g(bo +3bo; )a; _Eboalaz2
a, = éva2 —l(c+co)a)22a§ —%coafaz

» One phase equation:

. 3c+c 3c
3 2
ad =——a +=—"aa,

8 w

Q Note: The amplitude equations governing the non-resonant double-Hopf
bifurcation and the divergence-Hopf bifurcations have the same (normal)
form.
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EXAMPLE: RAYLEIGH-DUFFING COUPLED OSCILLATORS IN 1:1

OR 1:3 INTERNAL RESONANCE

X—ux+w’x+bx’ +cx’ —b,(y—x)° =0
Jy—vy+w.y+b,y +cy’ +b(y—x) =0

where:
W, =0,+c0, 0,=rw, oc=0()

in which the detuning o is the third bifurcation parameter.
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e Perturbation equations:

By following the same steps of the non-resonant case, we get:

E .

0 d; x, +w’'x, =0
do ¥y +@,,=0

( dé X + 0)12x1 =-2 dodlx() + U dOXO B bl (doxo )3 - ng + b() (dOyO o deO)3

: dé Vi +@§yl =-2d,d,y, +vdy, _bz(dOJ’o)3 _Cyg —b,(dyy, _d0x0)3

M

_2@2 0y

e Generating solution:

Xo =4 (8,t,,...)e" " +cec.
Yo = Az (tlatza---)ei&)ﬂo + C.C.
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e ¢&-order:
» equations:

The harmonics (@, ®,;3®,,30,,0, + 20,20, £ 0,) arise:

(A2 x, +@lx, = £ €0 £, €0t f L e f e
_|_]f1’21 1(20)1+602)fo + ]rl S e l(w2—2a)1)t0
s £ AN

g Y+ 5)22)/1 = fz,l e + /a 2 e'" + /s 30 e + f2,03 e™ "
_|_]F2’21 el(2w1+602)fo_|_]€2 S e l(w2—2w1)t0

+f2,12 z(2a)2+a)1)t0+f-2 - 1(2@2_601)%4‘6.6'.

where:
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fiy=2iw, d, A +iopd —3c+io) (b, +b)]A A — 6ibyw,w; A 4,4,
frr ="2iw,d 4, + w,(iv-20) A4, —3[c+iw; (b, +b,)]|A: A, — 6ibw’ w,A A A,
Jia = 6ib,w; , A A, A, + 3ibyw; A; A, fry =3ibyw; } A% A + 6ibyw,w; A A, A,
Sz == c+iw (b, +b)]4], Sozo = —ibyw; A’
S0 =—1b @5 A, S03 =[-c+iw; (b, +b,)]4;
Jra1 == Jr01 = 3ibyo, ‘0, A A, Sz =115 = 3ibo; ‘0, A7 A,
frn=—fop = 3zb0a)1a)2A1A22, fm i = =3ib,w,0 A1A22

» Zeroing secular terms:

In a first-order analysis it does not need to compute all the f-coefficients,
but only the resonant ones. By inspection:

f1,1 +0,, (flz T f1,2T T fl,Tz) + 0,3 1,21
f2,2 + 5r1 (f21 + fz,zT + fz,Tz) + 5r3f2,3() =0

where 0, is the Kronecker symbol (0, =1lif r=k 6, =0if r #k),
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m The r=1 case

The complex AME read:
( 1 3..c e o= , _
d 4 =—pAd +—=[i—— (b, +by)w, 14 A —3b,ew; A 4,4,
2 2 o
2 (4 3 2 0 3 27 2, 3 2 274
+3b,w; A A, 4, +§bow1 A A, —Eboa)1 A A, +Ebow1 A5 A,
<
1 _ _
d 4, =(=v+io)A, +§[ii—(b2 +b,)w’As A, —3byw; A A A,
2 2 o,
2 - 3 > o5 3 2 2, 3 277 42
+3b,w; A A, A, + Eboa)1 A A — Eboa)1 A A, + Eboa)1 A A4,

in which @, = @, has been considered. By absorbing the parameter ¢, using the

polar representation and separating the real and imaginary parts, four real
bifurcation equations follow:
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a, = % ua, — (b +b)w'a’ — z byw![2 + cos(26, — 260,)]a,a;
+2b w’a’a, cos(6 —6 )+§b w’a; cos(6, —6,)
8 01 ~"1 72 1 2 8 071 "2 1 2

a, = %Vaz2 - % (b, +b,)w a; — %boa)f[Z +co0s(26, —26,)]a}a,

+ Z byw!a’ cos(6,—0,)+ %boa)falazz cos(6, —6,)
a6, = gia1 +— 5 bywlaa,sin(6, —0,)+= & by} a; sin(6, —6,)
8 w, 8 8
—%boa)fazlax22 sin(26, - 26,)
| —oa +2C a2 h 0k sin(0, —0.) + b wlad? sin(6, —
a,0, =oca, + 2 a, + 2 b,w/a; sin(6, —6,) + 2 b,w/ a,a; sin(6, —6,)
a)l

- % byw.a}a, sin(26, —26,)

Q Note: the real-amplitude equations are coupled with the phase-equations

54



Since phases appear as a linear combination, we introduce a phase-
combination:

y=6-0,

and recombine the phase-equations according y = 6,—0, . We obtain:

> three RAME in the state-variables {a,,a,,7}:

a, = %,ua1 —%(b0 +b)w’a’ —%boa)f[2 +cos2yla,a

9 2 2 3 2.3
+§boa)1 a,a,cosy +§boa)1 a, cosy

a, = %Vaz2 - % (b, +b,)w’a; — §b0w12[2 +cos2ylala,

3 2.3 9 2 2
+ gboco1 a, cosy + gboa)1 a,a; cosy

a,a,y =—oa,a, + 3 (i + by} sin2y)a’a, + % (byw] sin 2y — i)alag
10)

1 a)l

3 : 3 : 3 :
—gboa)faf siny — Zboa)fafazz siny — gboa)fa; sin y
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»two phase-equations:

-

- 3 C 3 3 2 2 . 3 2 3 . 3 2 2 .
a0 =——a; +=b,w/a;a, sy +—=b,w; a,siny ——b,w,a,a; sin2y
@, 8 8
3
b 3 C 3 3 2 3 . 3 2 2 . 3 2 2 .
a,0, =oca, + —;az +—=b,w;a; siny +§b0a)l a,a, smy —gboa)1 a,a,siny
\ 1

Once the RAME have been solved, the phase-equations can be integrated
by quadrature.

Q Note: while the RAME of a non-resonant system are pure-amplitude
equations, those of a resonant system are mixed-amplitude-phase
equations.
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m The r=3 case

In a similar way, the complex AME are found to be:

-

d A = 1 uA + i[ii — (b, + b)) 1AL A, — 27b,w} A, A, A, —gboa)foAz
2 2" o 2
3
- - 1
d A4, = (% V+io)A, + %[i = _27(b, + b)) 1424, —3b,0’ A A, A - gboa)fAf
a)l

\

in which @, = 3w, has been substituted.
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After parameter reabsorbing, and use of the polar representation, we obtain four
real bifurcation equations:

-

1 3 27 9

G, =— pa, — (b, +b)wial ——=byw; a,a; - b/ a;a, cos(36, - 6,)
2 8 4 8

.1 27 3 1

4y =~ va, —?(bo +b))w} a; —Zboa)f a’a, —ﬁboa)faf cos(36, -6,)

. 3c¢c ;9 5 .
a0, =——a; +=b,w,a;a,sin(36 —06,)]

1

: lc 5 1 ) 3 .

a,0, =ca, +——a, ——b,w;a; sm(30, -0,)]
@, 4

They suggest the following definition for the phase-combination:

y =30,-0,
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» The RAME are:

» The phase-equations are:

9' 3¢ 9 .
a0, ==—a +=bw a’a,siny
a)l
< 1
C 2 3 .
a0, =ca, +——a, — boa)l a, siny
@, 24

a,a, siny

.1 3 27 9
a, ZE/UCH __(bo +b)w; @ _71706‘)126115122 _gboa)lzalzaz Cosy
1 3
a, Eva2 (b +b,)w’a, - 1 ~bw.ala, + (b +b)w’a’ cosy
9 1 .
a,a,y =—oa,a, +— ; aa, ——wialag +—b0a)12a14 smj/+ 2 b w’a’a
L 1 1
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e Response (» =1,3 cases)

After integration, the RAME furnish a,(¢),a,(¢),7(?) ; successively, the phase
equations give 6,(¢),0,(t) . The response read:

x=a,(t)cos(D,(¢))+ hot.
y=a,(t)cos(D,(?))+ ho..

where:
O (t)=0t+6(1), DO,(t)=w,t+06,(1)

are total phases.

60



m Steady-state solutions and fixed points of RAME
e The RAME, are of the following type:
dl = Fi(alaa2>7/)

dz :sz(alaazﬂ/)
\a1a27} — G(alaazaj/)

\

and phase-equations are of the type:

{alél =H\(a,a,,7)
a2‘92 =H,(a,a,,y)

0 Note: The RAME can be put in the standard form z = F(z), with
z:=(a,,a,,y),if and only if a, # 0, a, # 0 (complete solutions).

0 Note: in incomplete solutions (a, =0, and/or a, = 0), the phases of the
zero-amplitudes remains undetermined; however, they are inessential.
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e The fixed points (a,,,a,,,7,) = const of RAME are solutions of:

KE(als’aZS’ys):O
F;(als’a%’?/s)zo
L G(als’aZS’ys):O

N

Consequently, the associated phases (if determined) are linearly varying
functions:

0.()=xt+6

1s?

0, ()=K,t+0,

with (x,,, k,,) = const the frequency corrections.
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e For a complete solution, we prove that the (non-trivial) fixed points of the
RAME are periodic motions for the original system (for incomplete solution,
this 1s a trivial matter). Indeed:

> a constant phase-difference:
y.=r0,—0, =r(k, t+0))—(k,t+86,)=const r=13

entails a relation between frequency corrections and initial phases:

0

_ 0 _
rKlS_K2S_O’ r615_92s_}/s

» consequently, since ®, =r®,, the total phases read:

D (1) =wt+ ‘91s (1) = (o, +K,)t + 6’1(;
O,(1)=at+0, (t)=(v, +, )t+6) =[r(o +x )t+6)]

1.€. the nonlinear frequencies ;. are in the same integer ratio r as the
linear frequencies wy.:

Q. .=o+kKk, Q,=0,+K, =1,
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The steady response, therefore, 1s periodic, and it reads:

s
0

x=a,(t)cos(Q, t+6’)+hot.
y=a,(t)cos[r(Q, t+6

)=y, ]+ hot.

N

QO Note: the phase difference y, 1s given by the solution; however, an initial
phase, e.g. 8" remains undetermined, since the limit cycle can be traveled

starting from any of its points.
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m Finding the fixed points of RAME
e In the =1 case, the RAME admit:

> (T) the trivial solution:
a,=a,, =0, Vy., V(u,v,o)

with the phase-difference y being undetermined.

> (P) a number of bimodal (or complete) periodic solutions:
ap =ap(H,V,0), Qyp =0ayp(1,V,0), Vp=7)p(l,V,0)

with associated, determined phases 6;p and 6p.
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e In the =3 case the RAME admit:

> (T) the trivial solution:

a,=a,, =0, Vy., V(u,v,o)

» (M) a mono-modal (incomplete) periodic solution:
a, =0, a,,=a,, V), Yy,
with:
0,,=06,,0,v), Vo,

> (P) one or more bimodal (complete) periodic solutions:
ap = p(H,V,0), Qyp=0ayp(1,V,0), Vp=7p(l,V,0)

with associated phases 6;p and Gp.
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m Stability of steady solutions
It needs to distinguish:

> The steady-solution is complete (s=P): since all quantities are
determined, and the RAME can be put in the normal form z = F(z),

with z :=(a,,a,,y), stability is governed by the variational equation:
oz=J,0z

A zero eigenvalue of Jp denotes a branching of a new periodic solution;
a pair of purely imaginary eigenvalues denotes a branching of a quasi-
periodic solution (1.e. a periodically modulated periodic motion).

> The steady-solution is incomplete (s=1,M): since 7y, 1s undetermined, and
the RAME are not 1n standard form, use of the (not reduced) AME must
be made. Examples are given below.
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e Stability of the trivial solution (7=1,3 cases)

The variation of the AME, based on 4,, = 4,, =0, reads:

-

54, = %,u&éll

54, = (%v +ic)S A,

whose solution 1s:

04 = 51211 exp(% ut), 04, = 51212 exp[(%v +io)t]

with 0 1211 : 51212 constants. The trivial solution is therefore stable when
u<0,v<0.
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e Stability of the mono-modal solution (=3 case)

» The variation of the AME, based on:

1 .
4, =0, 4,,=4,,= §a2M expli(x,,, ¢+ 9201\4 )]

assumes the following (uncoupled) form:

3

(

- 1
04 =(R +R, ZazzM)gAl

1

51212 =(C +C, %azzM oA, +C, ZazzM exp[2i(ic,, t +6,), )]522

.

where Rj ceR,C = R it i/ ;€ C are coefficients.

a Note: due to the presence of the frequency correction xov, A4,,, # const;

consequently, the second variational equation depends on time.
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> To render the second equation autonomous, a change of variable 1s
performed:

04, =0B,expli(at+ f)]

with a, f to be determined. By requiring the coefficients are independent
of time, it follows: ¢ = x,, ; moreover S =0, is taken for simplicity.

» In the new variables, the variational equations read:

-

- 1
04, =(R +R, ZazzM)gAl

: 1 1 _
5B, =(C, +C, ZagM —ix,, )0B, +C, ZajMéBz

-

> Since the equations are linear, a Cartesian representation 1s better suited:
04 =p, +ig,, 0B,=p,+iq,

leading to four real variational equations:
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P J, 0 D,
G |_| 0 Jy g,
p; Sy S || P
qz J 43 J 44 )\ 4>
where:
R

J,=J, =R, +72a§M

2

2
aZM  Jy=—1 +(-1, +13)“2TM+K2M
2 2

a a
Sy =1+, +]3)%_K2M9 Jy =R + (R, —RQ%

Jy =R +(R,+Ry)

The eigenvalues (four real, or two real and two complex conjugate),
govern the stability of the M-solution.
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