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Oru+u-Vu—vAu+Vp =1f(x,t)on Q x [0, T]
divu =0 (1)
ulaon = g(x,t)on 02 x [0, T]

R? O Q space domain

[0, T] C R time domain

u:Qx[0,T] — R?, (x,t) — u(x, t) velocity
p:Qx[0, T] — R, (x,t) — p(x,t) pressure

divu = 0 describes incompressibility of the fluid.
Given: Q, T, f, g, v

Find: velocity v and pressure p
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Better description of the physics l

5‘tu +u-Vu—vAu+ V,D—I—Eattu + Eath = f-(X7 t)
divu =0 (2)
ulaq =g(xt)

u:Qx [0, T] — R?, (x,t) — u(x, t) velocity
p:Qx[0,T] — R, (x,t) — p(x,t) pressure
Given: Q, T, f, g, v

Find: v and p.
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Implementation and Software

Open Source and Free Software:
@ Numerics: FreeFem++.
Visualization: FreeFem++, gnuplot,R, (OpenDX)
IDE: FreeFem++-cs, Eclipse.
Publishing: IATEX, LyX, latex-beamer, Inkscape, TextText.
Version Control System: subversion.

Programming Languages: FreeFem++, python, C++, R.

Programming paradigm: Literate Programming
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Methodology

o Fix the goal. Get Familar with the problem.

@ Collect Information. Find the starting point.

@ Go step by step increasing the complexity of the problem.
Otu+u-Vu—vAu+ Vp+edpu+edVp = f(x,t)
divu =0

ulan =g(x,t)
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@ Fix the goal. Get Familar with the problem.
@ Collect Information. Find the starting point.

@ Go step by step increasing the complexity of the problem.

—vAu+Vp
divu

= f(x,t)
=0
uloq

= g(Xa t)

it
-
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@ Fix the goal. Get Familar with the problem.
@ Collect Information. Find the starting point.

@ Go step by step increasing the complexity of the problem.
4+ uv-Vu—vAu+Vp
divu

=f(x,t)
=0
uloq

= g(Xa t)
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@ Fix the goal. Get Familar with the problem.
@ Collect Information. Find the starting point.

Ou+u-Vu—vAu+ Vp

@ Go step by step increasing the complexity of the problem.
divu

=f(x,t)
=0
uloq

= g(Xa t)
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Methodology

o Fix the goal. Get Familar with the problem.

@ Collect Information. Find the starting point.

@ Go step by step increasing the complexity of the problem.
Otu+u-Vu—vAu+ Vp+edpu+edVp = f(x,t)
divu =0
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Stokes equations

—vAG+Vp =F(x,t)
divi =0
ilon =&(x, 1)
Bring the equation in tho the form

—vAu+Vp =f(x,t)
divu =0
ulan =

In order to solve this equation we need to introduce some new
concepts

@ Mixed Finite elements for variational formulation

@ Inf-sup conditions
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Mixed Finite elements, Variational Formulation

—vAu+Vp =f(x,t) l-oeX, [qo
divu =0 |'¢€Maf9
ulaa =0

@ Space for Velocity u: X = H!(Q)?

e Space for pressure M = {q € L%(Q) : [, gdx = 0}
a(u,¢) +b(g,p) =F(g) VoeX
b(u, ) —0 WpeMm

with

a(v,0) =v < Vv,Vo >, b(p,) = — < divg, ¥ >
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Inf-Sup, Existence and Uniqueness of the Solution

a(u,¢) +b(¢,p) =F(o) VoeX
b(u, ) =0 WVypeM

Solve equations for u € Z = {¢ € X|b(¢,)) =0 Vi) € M}, that
means solve

a(u,¢) + ble-p) = F(¢) VoeZ
Solution exists due to coercivity and continuity of a(u, ¢)
Use u to solve

b(¢,p) = F(¢) —a(u,¢) VoeX
Problem: ¢ and p are from different spaces:
Solution: use inf-sup-Condition sup,¢x % >al|lY|lm YveX
instead of coercivity
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Relationship between Inf-Sup and Coercivity

Let c(u, v) be an coercive bilinear form in a Hilbert space V/, scalar
product <>p and appropriate norm || - ||y/. than we have

= ollullullvlly Vu,veH

~—

c(u,v

c(u,

<

)

> allullpg Yu,veH

v
= sup ————~ ( )
veH H HH

For existence and uniqueness of b(¢, p) = F(¢) — a(u, ¢) Vo € X

allully Yu

e oaup 22D S il W e X
vex N1llH

is enough.
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Stokes Equations, Summary

] Stokes equations

Poisson’s equations

—vAu+Vp =1f(x,t
_V urve G ) —vAu = f(x,t)
divu =0 | 0
u =
ulog =0 o
Mixed FEM: “not mixed” FEM
b =F X
(0.0) + b{o.p) = F@).VOEX | oL
b(u, ) =0,YWeM
Inf-Sup Coercivity
supyex Tt > ol [Wllm, Y € X | a(u,v) > alullx]|vlIx
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Stokes Equations, Remarks to Numerics

—vAu+Vp =f(x,t)
divu =0

ulaq =0

e divu = 0. X, is not a subspace of the Solution!

e Source of instabilities.
e Construction of divergence preserving FEM-spaces of high
order of precision is not simple

@ Possible solutions:

e Relaxation of the divergence free condition divu =~ divu + eu
e Special spaces like e.g. Crouzeix-Raviart for lower order
precision
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Taylor-Green Vortex

Ooew +w-Vw —vAw + Vp
divw

=0
=0
wlaq = wlaq
Stokes equations

—vAw+Vp =—(0w+w Vw)|e=c
divw

£(x)
=0
W|aQ

= w|po,t=c
«0O0» «Fr «=» « > Q>



Velocity of Taylor-Green-Vortex
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Stokes Equations, Simulations

Mixed FEM: Taylor-Hood

Xp = {¢ € HY([0,7])? : ¢|1 € P2VT € T}

My = {¢ € H'([0,]) : |7 € PIVT € T}

Mesh: N x N uniform mesh

Parameters:
(v][10]10]10*[102]10°[10*[10°][10°° 0]
[N ]10]15[20]|25[30]40]

Analytical reference: Taylor-Green Vortex
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Stokes Equations, Postprocessing of Simulations
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Stokes Equations, Postprocessing

Influence of grid refinement on relative error, Taylor-Hood
Xp={¢ € H'([0,7])* : ¢|7 € PPVT € Tp},
My = { € H'([0,7]) : |7 € P'VT € Tp}

I

4 @ o nu= 0.1

3 A nu= 0.01
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Steady State Navier-Stokes Equations

u-Vu—vAu+Vp =f(x,t)
divu =0
ulaq = g(x,t)
@ Problem: Nonlinear part v - Vu.
@ Possible Solution: Iterative method

u" - Vurtt — y Ayt 4 Vpttl = f(x, t) (Oseen Problem)
e Required: not too small v, small

@ Possible reference, exact solution: Taylor-Green Vortex w
w-Vw —vAw+Vp = hw |i=¢
~—~—

f(x)
divw =0
won = wlan,r=e
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Steady State Navier-Stokes equations, Simulations

Mixed FEM: Taylor-Hood

Xy ={p € H'([0,7])? : o7 € PPVT € T}
My = {¢ € H'([0,7]) : |7 € PIVT € Tp}
Mesh: N x N uniform mesh
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Boundary conditionst1|T, = € 1 ujr, =¢
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Figure:

Simulation with k = 20, grid=10x10: v = 0.1 left, v = 10~/
Xy, = P2, M, = P1
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Incompressible Navier-Stokes Equations

Otu+u-Vu—vAu+Vp =f(x,t)
divu =0
ulog = g(x,t)

@ Problem: Nonlinear part v - Vu and time derivative:
@ Possible Solution: Discretization in time and linearisation
(FreeFem++ convex operator)

O+ u" - Vu" —vAu™ 4 vpttt = fotl
—_——
ﬁ(u"*l—u"oX")
o Possible reference: Taylor-Green Vortex
ow+w-Vw—vAw+Vp =0
divw = 0, =0
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Navier Stokes equations with Relaxation

Oru+u-Vu—vAu+Vp +edyu+e0Vp =1(x,t)
divu =0
ulaa =g(x,t) on 002 x [0, T]

Problems: Time discretization €0 u + €0;Vp

Stabilities and Instabilities caused by € parameters

Possible solution: FD for time discretization special divergence
preserving FEM spaces e.g. Crouzeix-Raviart

@ Possible reference: Taylor-Green Vortex

8tW+W'VW—VAW+VP+€8ttW+EatVC] zsattw—i-sf)th
—_———
f(x,t)

divw = 0, =0
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n+1 n+1 n+1
At<u ,<;5>+A2 , 0 >—4v < Vu Vo >
— < divg, > +E < divg, p"t1 >
1
_E < convect(u”, —At), ¢ >
A N

< —2u" 4 "1 <]5>——<d|v¢,
9]

N >
+ "+1¢ds+/ (¢ - n)pds
o On
€
+

At2 5

/ —n(—2u” + u" 1) pds — Ait /aQ(qS- n)p"ds
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