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Approximation of ODEs and PDEs

Differential Equation Problem

⇓ ⇓ ⇓

Numerical Approximation Method

⇓ ⇓ ⇓

Properties of the Method
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PDE to ODE Problem Reduction by Discretization

Majority of IBVP can be reduced to the set of IVP
dy

dt
= f (t, y), t > 0

y(0) = y0

and then tackled by Finite Differences approach:

yn ≈ y(tn), tn = n∆t, n = 0, ..., N.
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Explicit and Implicit Schemes

The typical examples are

Forward Euler scheme

yn+1 − yn
∆t

= f (tn, yn)︸ ︷︷ ︸
Explicit method:

yn+1 can be expressed at every step

Backward Euler scheme

yn+1 − yn
∆t

= f (tn+1, yn+1)︸ ︷︷ ︸
Implicit method:

Finding yn+1 requires solving system
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Linear Multistep Methods

General linear s-step method:

s∑
j=0

αjyn+1−j = ∆t

s∑
j=0

βjfn+1−j

If β0 = 0, then the method is explicit (assuming α0 = 1):

yn+1 =

s∑
j=1

(
−αjyn+1−j + ∆tβjfn+1−j

)
If f (t, y) is polynomially approximated using points tn+1, tn, tn−1, ..., tn−s+1 ⇒ Adams
methods (Adams-Moulton family - if tn+1 is used, otherwise Adams-Bashforth family).

If y(t) is polynomially approximated and f (t, y) = f (tn+1, yn+1)⇒ BDF methods.
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Runge-Kutta Methods

Motivated by midpoint integration formula of ODE

y(tn+1) = y(tn) +

tn+1ˆ

tn

f (t, y(t))dt ⇒

⇒


yn+1 = yn + ∆tf

(
tn +

∆t

2
, y

(
tn +

∆t

2

))
y

(
tn +

∆t

2

)
= yn +

∆t

2
fn

we come to general s-stage Runge-Kutta Method:
yn+1 = yn + ∆t

s∑
i=1

bif (tn + ci∆t, Yi)

Yi = yn + ∆t

s∑
j=1

aijf (tn + ci∆t, Yj), 1 ≤ i ≤ s
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Notion of Stability

Consider the test equation y′ = λy providing <eλ ≤ 0.

Numerical method application yields yn+1 = R(λ∆t)yn.

'
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A-stability:

|yn+1| ≤ |yn|, i.e. |R(λ∆t)| ≤ 1

'
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$

%

L-stability:

lim
|λ|∆t→∞

|R(λ∆t)| = 0
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Examples of Stability Analysis

Heat Equation problem:

yt(x, t) = ayxx(x, t)

y(0, t) = y(L, t) = 0

y(x, 0) = φ(x)

⇒


yt(t) = Ay(t)

y0(t) = yN+1(t) = 0

⇒


yn+1 = BBEyn

y0 = φ(x)

A is space discretization central differences matrix, BBE is time discretization matrix
arrising from Backward Euler scheme.

Spectrum: λ(A)
l = − 4a

∆x2
sin2

(
πl∆x

2L

)
, λ(BBE)

l =
1

1 + 4a∆t
∆x2 sin2

(
πl∆x

2L

), ρ(BBE) ≈ 1∣∣1 + 4a∆t
∆x2

∣∣

ρ(BBE) < 1

lim
∆tλ(A)→−∞

ρ(BBE) = 0

⇒ A- and L-stability (not depending on choice of ∆x, ∆t.)
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Examples of Stability Analysis

Heat Equation problem:

yt(x, t) = ayxx(x, t)

y(0, t) = y(L, t) = 0

y(x, 0) = φ(x)

⇒


yt(t) = Ay(t)

y0(t) = yN+1(t) = 0

⇒


yn+1 = BFEyn

y0 = φ(x)

A is space discretization central differences matrix, BFE is time discretization matrix
arrising from Forward Euler scheme.

Spectrum: λ(A)
l = − 4a

∆x2
sin2

(
πl∆x

2L

)
, λ(BFE)

l = 1− 4a∆t

∆x2
sin2

(
πl∆x

2L

)
,

ρ(BFE) ≈

∣∣∣∣∣1− 4a∆t

∆x2

∣∣∣∣∣
The method is absolute stable when ρ(BFE) ≤ 1 ⇒ ∆t ≤ ∆x2

2a
= O(∆x2).
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Examples of Stability Analysis

Wave Equation:

'

&

$

%

yn+1
j − 2ynj + yn−1

j

∆t2
= c2

ynj+1 − 2ynj + ynj−1

∆x2

( ynj = Gneijζ ) ⇓ (VN analysis)

CFL stability condition:

∆t ≤ ∆x

c
= O(∆x)

⇓

Use of an explicit scheme for a
hyperbolic problem is acceptable!

⇐ ytt = c2yxx ⇒'

&

$

%


ut = cvx

vt = cux︸ ︷︷ ︸
⇓

∣∣∣∣∣u = cyx, v = yt


un+1
j − un−1

j

2∆t
= c

vnj+1 − vnj−1

2∆x
vn+1
j − vn−1

j

2∆t
= c

unj+1 − unj−1

2∆x

↓

un+1
j+1/2 − u

n
j+1/2

∆t
= c

v
n+1/2
j+1 − vn+1/2

j

∆x
v
n+3/2
j+1 − vn+1/2

j+1

∆t
= c

un+1
j+3/2 − u

n+1
j+1/2

∆x
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Examples of Stability Analysis

StaggeredLeapFrog2 scheme for the Wave Equation:


un+1
j+1/2 − u

n
j+1/2

∆t
= c

v
n+1/2
j+1 − vn+1/2

j

∆x
v
n+3/2
j+1 − vn+1/2

j+1

∆t
= c

un+1
j+3/2 − u

n+1
j+1/2

∆x

↑t

u2
1/2 u2

3/2 u2
5/2

v
3/2
1 v

3/2
2

u1
1/2 u1

3/2 u1
5/2

v
1/2
1 v

1/2
2

u0
1/2 u0

3/2 u0
5/2

→ x
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Examples of Stability Analysis

StaggeredLeapFrog2 results (CFL condition is fulfiled)

StaggeredLeapFrog2 results (CFL condition is exceeded)
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Discontinuous Galerkin Method

D
1︷ ︸︸ ︷ ...

D
k−1︷ ︸︸ ︷ D

k︷ ︸︸ ︷ D
k+1︷ ︸︸ ︷ ...

D
K︷ ︸︸ ︷

x1
1 x1

Np
xk−1

1 xk−1
Np = xk1 xkNp = xk+1

1 xk+1
Np

xK1 xKNp

Approximated solution is sought inside an element: ukh(x, t) =

Np∑
n=1

ûkn(t)ψkn(x)

Global solution is directly recovered: u(x, t) ≈ uh(x, t) =
K
⊕
k=1

ukh(x, t)
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Discontinuous Galerkin Method

Advection equation:
∂u

∂t
+
∂f (u)

∂x
= 0, f (u) = cu, c > 0.

According to Galerkin method:
ˆ
Dk

(
∂uh
∂t

+
∂f (uh)

∂x

)
ψkn(x)dx = 0 ⇒

ˆ
Dk

(
∂uh
∂t

ψkn − cuh
∂ψkn
∂x

)
dx = −

[
f ?ψkn

]
|
xkNp

xk1

More generally, strong formulation reads
ˆ
Dk

(
∂ukh
∂t

+
∂f (ukh)

∂x

)
ψkn(x)dx =

[(
cukh − f ?

)
ψkn
]
|
xkNp

xk1

Numerical flux choice (e.g. on the left boundary):

f ?(xk1, x
k−1
Np

) =


cuk−1

h (xk−1
Np

) - purely upwind flux

1

2

[
cuk−1

h (xk−1
Np

) + cukh(x
k
1)
]

- central flux
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Discontinuous Galerkin Method

Imposing boundary conditions (general case)

Neumann boundary condition:
∂u

∂x

∣∣∣∣
x=0

= 0

Dirichlet boundary condition: u|x=L = 0

15



Application to Electromagnetics

Maxwell’s set of equations, 1D case reduction:



∇ · E = 4πρ

∇ ·B = 0

∇× E = −1

c

∂B

∂t

∇×B =
4π

c
J +

1

c

∂E

∂t

( ρ=0 )

⇒
( J=0 )


∂E

∂t
= −c∂B

∂x
∂B

∂t
= −c∂E

∂x

∣∣∣∣∣ E = (0, 0, E(x, t))

B = (0, B(x, t), 0)

ä Electrostatic CGS Units system is used.

ä Waves in free space are considered, i.e. ε = µ = 1
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Application to Electromagnetics

Sample problem formulation and its DG spatial discretization:

∂E

∂t
= −c∂B

∂x
∂B

∂t
= −c∂E

∂x

E(0, t) = E(L, t) = 0

Bx(0, t) = Bx(L, t) = 0

E(x, 0) = sin
(πx
L

)
B(x, 0) = 0

⇒



dE

dt
= cABB

dB

dt
= cAEE

E(0) = sin
(πx
L

)
B(0) = 0
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Application to Electromagnetics

StaggeredLeapFrog4 scheme (Verwer, 2007):


En+1 − En

∆t
=

(
AB +

1

24
c2∆t2ABAEAB

)
cBn+1/2

Bn+3/2 −Bn+1/2

∆t
=

(
AE +

1

24
c2∆t2AEABAE

)
cEn+1

In matrix form:

 En+1

Bn+3/2

 =

 I S1

S2 I + S2S1


 En

Bn+1/2



S1 = kc

(
AB +

1

24
c2∆t2ABAEAB

)
, S2 = kc

(
AE + 1

24c
2∆t2AEABAE

)
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Application to Electromagnetics

Results with purely upwind numerical fluxes
(for reasonable choice of ∆t and on stability region boundary)
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Application to Electromagnetics

Results with central numerical fluxes
(for reasonable choice of ∆t and on stability region boundary)
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Conclusions

ä DG + StaggeredLF4 is good combination for solving a hyperbolic
problem.

ä With Legendre polynomials basis functions, choice of numerical flux
heavily affects amplification matrix.

ä Central numerical fluxes are more preferrable due to better stability
characteristics (use of purely upwind numerical fluxes results in more
than 15 times stricter condition on ∆t ).

ä On-going study: check the same tendency with Lagrange polynomi-
als basis functions.
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