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1. Derivation of Maxwell equations.

The equations, which are the most frequently used in electromagnetics, are Maxwell’s
equations. Behind microscopic Maxwell’s equations one usually considers the system of

4 equations, which relate the electric and magnetic fields. This system is given by the

following:
v.p- P&t
B
E=-""
V x 5
V-B=0
} oF
V x B = poj(t,z) + copo—,

ot

The first equation is a Gauss’ law for electrostatics.

The second equation is a Faraday’s law.

The third equation means that there are no free magnetic charges.

The fourth equation is a Maxwell’s law.

Here E is an electric field,

B — magnetic field,

g0 is an electric permittivity in vacuum (= 8.85 x 107!2 F/m),

po is a vacuum magnetic permeability (= 1.2566 x 1075 H/m),

j is a total electric current (which in general can be both time and space dependent),

p represents a total electric charge (which again can be both time and space dependent).

These equations form a system of well-posed equations and together with initial and
boundary conditions which are imposed in each situation, completely determine fields F
and B.

When we consider only the static fields we have equations
p(x)

V- EFE=—=
€0

VxE=0
V-B=0
V x B = poj(x)
So the two fields are independent. This comes from the expressions for E¢@ and B,

Indeed, we have
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(comes from Coulomb’s law) and

R/ .
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(this is Biot-Savart’s law which uses Ampere’s law).

But when we consider dynamic fields, we have the continuity of charge

Ip(t, x)

ot +V-j(t,z) =0,

and so we have Maxwell’s source equation for B field

, 0 : 10
V X B(t,z) = uo (](t,x) + atEOE(t,x)) = poj(t,z) + ?&E@’x)

and the equation which comes from applying Stokes theorem to the integral form of

Faraday’s law

oB

V x E(t,x) = 7@

2. Maxwell equations in 1D and 2D.

Firstly one write the general form of Maxwell’s equations.

E
ana—t—v x H=j(t,x)

OH
il E =
,U,Oat + V x 0

We now write the system in 3D
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Let us now write Maxwell’s equations in 2D.



This is done by imposing the certain components of ' and H to zero. One notes, that in
order to preserve orthogonality one has to set to zero the components which are orthogonal.
Indeed, we have £ = (E,, E,, E,), H= (H,, H,, H,). Then we set

E, =0
E.=0
H,=0

So we obtain the system

_ 0B, OH.  OH,
05t 8Hay aEaZ —Je
L= =0

o, OE.

Km0 ™ "oy

To obtain the system in 1D, we need to set additionally for example H, = 0.
We obtain

Ho

0E, OH.
€0 - = Jz
o 0
oH. 0k,
oo~ Ty ~

3. Domain decomposition methods for Laplace equation.

3.1. Basic aspects.

Let us consider Poisson problem of the form

—Au=fin
u =0 on 0f)

Here Qis 2 or 3-dimensional domain with a Lipschitz boundary 0.
The above Poisson problem can be reformulated in multi-domain form. Assume that do-
main Qis divided into two non-overlapping sub-domains 2; and €23 with common boundary

I". Then one can write the following:

—Aul = f in Ql
u; = 0 on 921 N ON



uy =ug on I

8u1 - 8U2 on T
on  On
UQZOOHaQQQaQ

—AUQ = f in QQ

In other words, u; is the restriction of u on €;.

Equations 3 and 4 in the last system are called the transmission conditions for u; and
Ug ONn TI.

3.2. Steklov-Poincare interface equation.

Let Adenote the unknown value of w on I'. Then we consider two problems:

—Aw; = fin
wiZOOnaﬂiﬁaﬂ

w; =Aon

We can view w; as the sum of solutions to corresponding two problems: one — with zero
boundary conditions both on " and 99; N 092 and right-hand side equal to f, which one
denotes G; f; and the other one — which is equal to Aon I'; zero on 9€; N9 and is harmonic
inside €2;, and is denoted by H;\.

. . .. Ow ow
Further, it is easy to see that w; = u; if and only if S

n n
The last condition means that A\ has to satisfy Steklov-Poincare interface equation on I':
SA=Z2

where Z is defined by

_ 9 9
E= %sz*%(;lf

and S is Steklov-Poincare operator, defined by

0 9]
S’I] = aiHln — 7H27]
n

on
The Steklov-Poincare operator maps the function, defined on the interface, to the normal
derivative of difference of the solutions of corresponding Laplace problems.
Remark. For the general type of equation (Lu = f), where L is some operator, we have

to impose some transmission conditions of the form
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O(ug) on T’
U(up) = T(uz) on T

These conditions should be derived in each case and they come from the fact that u

should satisfy the equation not only in ©; and €5 but also through the interface T
3.3. Domain decomposition algorithms.
Following [4], we consider two domain decomposition algorithms for wave equation.

The Dirichlet-Neumann algorithm is the following:
1. Set some initial guess — the value of the solution on the interface Ag.
2. A) Solve the problem

SAukT = fin O
ub*t =0 on 9Q; NN
ub™ =X on T

B) Solve the problem

—Aug'H = fin Qq

ubT™ =0 on 9, N OO

oustt  oultt
on  on

onI’

3. Update A: AM = guiil + (1 — 9)AF

Remark. It is also possible to consider relaxation on Neumann condition.

Neumann-Neumann algorithm is the following:
1. Set some initial guess — the value of the solution on the interface Ay.
2. A) Solve the problems

Auftt = fin @
uFt =0 on 99, NN

ub =X on T

B) Solve the problem



SAYETL = 0in @
7,[1?“ =0 on 09Q; NON
6u1f+1 au]2€+1

P; = onT

on on

3. Update A\: \FF1 =)k — 9(01%[1116&“1 - 0’2¢§|J1:1)

Here 0, 01, 09 are some non-negative real parameters.

For wave equation the relaxation is needed, because non-overlapping Schwarz does not
converge in this case without relaxation.
Dirichlet-Neumann algorithm cannot really be done in parallel, unlike the Neumann-

Neumann algorithm.

4. Absorbing boundary conditions for wave equation.

Following [2], assume that we have to solve boundary-value problem in Q ¢ R? with a
smooth boundary T"

Ocu := c%% —Au=fin Qx (0,7),

u=gonT x(0,T)

u(-,0) =up in Q

uw'(+,0) =wug in Q

We assume also, that all conditions for existence and uniqueness of solution are satisfied.
Then we decompose (2 in two domains €1 and €25 that do not intersect. So we obtain

parallel Schwarz method for wave equation:

Ocup = f in 4 x (0,7),
u; =g on I'1p x (0,7)
u1(+,0) = ug in
uj(-,0) = uf in

uy =ug on I
and

DCUQ = f in QQ X (O,T),
Ug = g on FQO X (O,T)



UQ(~7O) = Up in QQ
uh(+,0) = ug in Qo
8U1 6UQ
—+—=0 r
8n1-+ 8%2 on

We assume, that f, ug, uj vanish in Q.

1
We introduce the problem for a given h € Ly(0,T; HZ) for some w:

Ocw =01in Q9 x (0,7),
w=0on Iy x (0,7)
u2(+,0) =0 in Qo
uh(-,0) = 0 in Qy

ow
8n2
forms the function from the boundary to the function of the dual space. As we have

0 0
G _ 2% 55 we have Steklov-Poincare operator of the following form:
(9712 anl

Then we define the Steklov-Poincare operator by S{1h := . So this operator trans-

ow ox

(9777,1 +5171—\w =0onI x (O,T)
exr a exr exr 6 exr

The operators BT = + STt and BST = — + S5% are called the exact trans-
, on, , , Ons ,

parent operators.

In the case when the wave speed c is constant, it is easy to find the symbols of Steklov-
Poincare operators. This is done by writing the wave equation in a Fourier space. So we do
the Fourier transform of our problem in ¢ and d — 1 space dimensions, leaving one dimension
in order to obtain ODE to find the symbol of the Steklov-Poincare operator.

So we obtain

82

= 2
—axw—l—<|k|2—;>u~):0forx>5

2
Ww=hatz=24

So we have two cases:
2_Y - s B — he— (@O kP =23
1) |k|” = — > 0. Then the solution of the above IVP is w0 = he e
c

2 _ Py
2) |k|* — % < 0. Then the solution of the above IVP is w = he_l(w_‘s)\/uT_lkl2 (since
c

the initial conditions are zero there are no waves coming from the infinity in the z direction).
So in the case of constant wave speed we have that two operators coincide (S{* = S§%)

and are independent of I'. They are given by



2 2
L S L

>0
ot = o§* = ¢ ¢
w? 2 2 w2
i — — |k k- —= <0
N

5. Absorbing boundary conditions for Maxwell equations.

w2
2

1. 1D Calculations.

We recall Maxwell equations in 1D

OE, OH,
o oy 0
B G
H=or ~ oy

Firstly, it is necessary to rewrite this system in a matrix form:
e 0O [ E . 0 -1\o(E\_(0
0 pu)Ot\ H -1 0 JOoy\ H 0
To get the Steklov-Poincare operator, we do firstly Laplace transform in ¢ and get
1 0 ﬁ E B 0 wus E
01 )oy\ H) \e 0 H
Above system can be rewritten as
1 0\ [E 0o - E
=2 )+ - . ) =0
0 1/)dy\ H —es 0 H

In order to compute incoming and outgoing waves, we need to diagonalize matrix A,
where

—€s 0
7 1
Defi =4/, c= ——.
efine z \/Z,c i

The eigenvalues of this matrix are \; = \/ues, Aa = —,/ués. The corresponding eigen-
vectors are 1 = (—z,1), 22 = (2,1).

So we can write matrix A as A = PAP~!, where

10



Then we can denote
W =P X,

where

“(5)

1 ( —E+:zH
It is easy to see that W = — . + ZA
2z E+:zH
So the system of ODE’s has the following form:
aw;
Sl N =0
Bt
2 AeWa =0
dy
Wi=g

The general solution of this system is

E
( i = aje MYz + age 2V,

As we look for bounded solution at infinity we must impose as = 0.

So the solution of the problem has the form

(5)-()

Inserting the general solution into a boundary condition at y = 0 we obtain

aq

From this one obtains oy = §.
Finally, we conclude

(3)-(7)
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Therefore, the outgoing wave is

1 - .
Wa = 5-(E+2H) = 0.

2. 2D Calculations.

We write Maxwell equations in 2D

0E, OH, 0H,
- +

c dy 0z =0
oH, = OB,
H +8 =0
o, IE, _
H=or ~ oy

We rewrite this system in a matrix form:

e 0 O 9 FE
0 0 u H,

oS = O

S O =

o O O

Hy
H,

In order to obtain Steklov-Poincare operator, we do Fourier transform in z and Laplace

transform in ¢ and get:

H, .
seEy, — By +i€H, =0
spHy +iE, =0
oLE,
suH, — =0
dy

One rewrites the above system in a matrix form

()5
G )a (5 )

Let us denote B =

0

Sep+ &

_ sZep + &2
s

s

0

12
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We can rewrite the above system in the following form
—us



The eigenvalues of B are A\ = /s2eu+ &2, Ao = —+/s%eu+ 2. The corresponding
eigenvectors are x; = (,L 1), zg = (L, 1).
Vs2ep + &2

VsZeu + €2
So we obtain the following transformation matrices

s s
P= V2ep+ & \/s2ep+ €2 |,
1 1
s

p-1 :_\/325M+§2 \/s2ep + £2
2us M
v eps? + &2

We denote again W = P71 X,

where

s
Vies? + 62
1 [ —E,+kH,
It is easy to see that W = — L + A
2k \ E,+kH,
So the system of ODE’s has the following form:

Let us now denote k =

d
Wi s =0
it
772 + X Wso =0
dy
Wi=g

The general solution of this system is

E _ _
( i =a1e MYz + age M2V,

As we look for bounded solution at infinity we must impose as = 0.

So the solution of the problem has the form

E:r = qre MY -k .
H, 1
Inserting the general solution into a boundary condition at y = 0 we obtain

aq

2k(k—|—/<:) =g.
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From this one obtains ay = g.

Finally, we conclude
L?I = e MY -k g
H, 1
Therefore, the outgoing wave is
Wy = i(E +kH.)=0
2 — 2% x z) — Y-
Therefore, the outgoing wave is
1 - .
Wy =—(FE+kH)=0,

2k
s

Vipes? + €2

where k =
6. Numerical algorithm.
6.1. Finite Volumes discretization for one domain.

Before doing Finite Volumes discretization it is useful to rewrite Maxwell equations in a

quasi-nonconservative form

oW  OF (W) B
Bﬁ . =0 on |a,b], t > 0,
where

W:<E>,B:B(x):<€(x) 0 ),F(W):AW,A:( 0 1).
H 0wz -1 0

The idea of Finite Volumes discretization is the following: we divide the interval ]a, b]
into N cells with Az; = Ti1— o1 After that we define the mean-value of W on each
cell and denote it by W).

In other words,

-4
1
Cj

14



Multiplying the equations in quasi-nonconservative form by some test function v (z) and

intergrating over the domain yields into

l (Bagtv + 8123(3/)) W) = 0

Now as test function we take the characterization function on each cell. So we get

dw;
Bj— + i1+ 6501 =0
The question is how to approximate the fluxes ¢;;_1 and ¢; j41. The simplest way is
to take the centered approximation. So in this case we get

1 1 H;+H;,
$jgt1 =5 F+ Fe) =5 7
3.J B (F; j+1) 2\ B+ B
6.2. Choice of schemes.
For the discretization of Maxwell equations we use forward difference in time and Crank-

Nicolson scheme in space

This gives the following discretized system

+1 n n +1 n +1
BT om o [(Hpa o HREY (H
A 27, 2 2
n+1 n n n+1 n n+1
ST oH Bl + B (B B
TAt 2Az; 2 2

Reorganizing the above system we get

n+1 n+1 n+l _ _ . mn n n
O'jEjEj —|—Hj71 —H —O']E]Ej + H: H:

Jj+1 j+1 — 451
o, gn+1 n+l __ pn+l _ _  pn n I 00
o H ™ + EXT) — BV = o HY + EYL, — B
4Ax;
Here 0; = L,
At

6.3. Satisfying absorbing boundary conditions.

Following [1], we have That the total flux for j =1 is
1

P12+ P10 = 3 (AWo + AWY) + (= Z1) T By W,

It is easy to see that

15



1( Hj+Hjpq
Qji+1 = Fz ’ !
75 2 EJ+EJZ|:1

(if the centered approximation of flux is considered).

1( Hy— H
From the above formula for ¢, 2 and ¢4 ¢ it is obvious that ¢1 2 + ¢10 = —= 0 2
2\ Ey,-E,
1 E,—H
From the definition of Z and B we get (—Z)] BW = —= e !
2 7E1 + C/LHl

From the definition of A we have

1 1
i(AWQ +AW1) = —— (

Hy + H,
2

Ei+ E

The discretization is

o~ .+l n+1l n+l _ _ . n n o n
i BP + HIH — HUH = oy B + HPYy — HY

j+1 J J
o, gn4+1 n+l _ n+l _ _ 1gn n  _ m
o ;" + BV — B = ojuHY + EY L — EF

For j =1 the discretization is

o EYTN 4 HP - HYY = 016 B} + HY — HY
oy H ™ + Egtt — BT = oy HY + B3 — Ef

Substituting the expressions for Hy and Ej into the above discretization results in

(o1 +¢) alE?H — H;H'l = (o1 —c)e 1 ET + HY
(o1 +¢)p H{ = EY* = (01 — ) i HY + E3

Performing very similar calculations for the total flux for j = N, it is easy to get

(O’N + C) ENE;\l[+1 — HIT\L[tll = (O’N — C) ENE;\L[ + H]T\Lffl

(on + o) unHE™ = BREL = (o3 — o) un HYy + ERy_,

6.4. Numerical results for one domain.

We consider a test problem in the open space of the form

9E OH _
o Oy
9H 08 _
ot oy
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E(0,y) = cosy + siny
H(0,y) = cosy — siny

Assume that we solve it on [0, 7].

Then the solution to this problem, which satisfies absorbing boundary conditions

is the following:

E(t,y) = (cosy + siny) (cost — sint)
H(t,y) = (cosy — siny) (cost + sint)

Below on the picture the comparison between approximate and exact solution is given.

The approximate solution is given in the first case using 11 nodes for the space discretization(9
internal). The solution is calculated at the time 7" = 0.01.

17



1.4

1.3

1.2

0. 0.z 0.4 0. 0. 1.0 1.2 1.4 1.6

In the second example the time 7" = 0.05. We can see that the approximation gets worse

as the time interval gets larger.
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7. Numerical results for domain decomposition.

Below the domain is divided into two equal domains. For the space discretization in each

domain 6 nodes are taken. The approximate solution is calculated for the time 7" = 0.01.
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8. Conclusions.

— It is possible in some cases to write down the conditions to restrict the problem on the
whole space to the problem on some interval.

— In 1D the Steklov-Poincare operator in the case of Maxwell’s equations is local, unlike
in 2D where it is non-local (because it is not a polynomial in Fourier space). Therefore in
2D, one needs to approximate the exact operator in order to implement boundary conditions
on the computer.

— An alternative way for numerically solving PDE’s using domain decomposition is to

implememnt finite element method which requires the weak formulation.
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