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1 Derivation of the equations

1.1 Preliminaries
1.1.1 Basic notions

Let there be a bounded, open, connected subset Q of R? with sufficiently smooth
boundary. ) represents the volume occupied by a body before it is deformed
and is called reference configuration. A deformation of the reference con-
figuration ) is a vector field

p:Q—-R3
smooth enough, injective except possibly the boundary 02 of the set 2 and
orientation preserving.
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is called the deformation gradient. The orientation preserving condition leads
to the condition B
det Ve(x) >0 Vx € Q

. This implies that any deformation gradient is invertible i.e. Vc,a(x)f1 exists
for all x € Q.
One may write
p=id+u
with -
u:0Q—R3
the displacement. We have Vi =1+ Vu.

We will call ¢(Q) the deformed configuration and denote x¥ := ¢(x) Vx € €.
For any volume element dz® := ¢(dx) we have

dz¥ = det Vp(z)dz (det Vip > 0)

and therefore for any non-measure zero subset A C

vol A = / dz, vol AY = dz? = / det Vdx
A A

A¥

1.1.2 Notes about 2"%-order tensors

We will denote the set of all 2"-order tensors by M3. Let T € M?. Then we
define the divergence of T by

01111 + 02119 + 03173
div T := 0;T;je; = | 01721 + 02T + 05123
01131 + 02133 + 03133



and we have by Gaufs’s theorem

/didex:/ T - ndx
Q o0

where n denotes the unit outer normal vector of 2. In the same way we
define div¥ TY = 0¥ T e;, 0 := % and have [, div® T?dz? = [, T¢-

n¥dx¥. For any tensor T¥(x?) € M? defined at a point x? = ¢(x) we define
the Piola transform of that tensor by

T(x) := det Vip(x)T¥ (x?)Vip~ 1 = T¥(x¥)cofp(x)
equivalently we have T#(x?) = (det Vip(x)) ' T(x) VT .

1.1.3 theorem (properties of the Piola transform)

Let T : Q — M3 denote the Piola transform of T¥ : Q¥ — M3. Then

div T(x) = (detVe(2))div¥T¢(z¥), V¥ = p(z), € Q
T(z)n da = T?(z%)n%da?, Vz¥ = p(z), x € 0N
da¥ = |Cof Ven|da = det Vo(z) |[Vo(z)"n|da

The proof uses the Piola identity div{(det V¢)Vy =T} = divCofVy = 0.

1.1.4 Rigid deformations

The two tensors C := V!V and B := VpVp! are called right Cauchy-
Green strain tensor and left Cauchy-Green strain tensor. A deformation
¢ that has the form

p(x) =a+Qx, acR3 QE(O)E)’H Vx € Q

,where (O):j_ denotes the set of orthogonal matrices of order 3 with determinant
equal to 41, is called a rigid deformation. Rigid deformations induce no strain
and it can be shown, that for all ¢ € C'(€;R") that satisfy V(z)T Ve(z) =
I, Vx € Q exists a vector a € R™ and an orthogonal matrix Q € O™ such that

px)=a+Qx, Yz e

1.2 Equations of equilibrium
1.2.1 Applied forces and Cauchy stress tensor

There are two types of applied forces:
applied body forces, defined by a vector field

.= Q¥ - R3



that is called the density of the applied body force per unit volume in the
deformed configuration and
applied surface forces, defined by a vector field

g‘P:F“f—>R3

on a da¥- measurable subset 'Y of the boundary I'? := 9Q%, that is called
the density of the applied surface force per unit area in the deformed
configuration. Clearly applied body forces act on the volume of a body or
equally on the mass of a body whereas applied surface forces act on the surface
of a body and cannot penetrate these. Typical body forces are gravity and
electrical field and typical surface forces are stress and pressure. Since the
applied surface forces can just be defined on a da?- measurable subset of the
boundary I'? we define I'f :=T¥ —I'}.

1.2.2 Axiom (stress principle of Euler and Cauchy)

Consider a body occupying a deformed configuration Q¥, and subjected to applied
forces represented by densities £¥ := Q¥ — R? and g? : T'Y — R3. Then there
exists a vector field

t9:0% x 51 — R3, where S1={v € R?; [v] =1}

such that:

1. For any subdomain A% of Q¥, and at any point ¥ € Ty N DAY where the
unit outer normal vector n¥to I'y N 0A¥ exists

’t“’ (¥ n¥)—g¥ (xﬁ")‘

2. Aziom of force balance: For any subdomain A% of Q%,

S oo £2(2%)da? + [, 4, t7 (2%, 0?)da® =0

where n¥ denotes the unit outer normal vector along A% .

3. Axziom of moment balance: For any subdomain A¥ of Q¥,

Jae X2 x £2(2%)da? + [, 1, X% X t7 (2%, n?)da® =0

The Euler’s and Cauchy’s stress principle asserts the existence of elemen-
tary surface forces t¥(z¥,n%)da® along the boundaries A% of all sub-
sets A?, that those surface forces just depend on the normal vector n®
and that any subdomain A% C Q¥ is in static equilibrium, in the sense,
that the sum of all forces is equally zero. The vector t¥(z¥,n?) is called
Cauchy stress vector.



1.2.3 Theorem (Cauchy’s theorem)

Assume that the applied body force density £ : Q¥ — R3 is continuous, and
that the Cauchy stress vector field

t?: (2%, n%) € Q¥ x S — t(2¥,n?) € R?

is continuously differentiable with respect to the variable ¥ € Q¥ for each n €
S1 and continuous with respect to the variable n¥ € Sy for each x¥ € QO®. Then
the axioms of force and moment balance imply that there exists a continuously
differentiable tensor field

T¢ : 2% € Q¥ — T?(2¥) € M?,

such that the Cauchy stress vector satisfies

’t“’(m“",n) =T% n for all z¥ € Q¥ and all n € S; ‘

and such that

| —diveT#(2¥) = £9(a¥) Va* € Q7|

| T#(a) = T#(a?)"  va¥ € 07|

’ —T¥(z%)n¥ = g¥(z¥) V¥ eI ‘

where n¥ is the unit outer normal vector along T'Y .

The proof uses the stress principle of Euler and Cauchy and a particular
subset of %¥.

The symmetric tensor T#(2¥) is called the Cauchy stress tensor at the
point z¥ € Q%.

1.3 Principle of virtual work in the deformed configura-
tion
1.3.1 Theorem (principle of virtual work)
The boundary value problem
—div?T?¥ = f¥in Q
T¢ = g?onl¥

is formally equivalent to the variational equations

Joo T : V90%da? = [, £9-09da® + [ g¥ - 0°da?

valid for all smooth enough vector fields: 8% : Q¥ — R3 that satisfy

0¥ =0o0onT§ :=T% —T7.



The proof uses mainly the Green’s formula.

The integral equation is called the principle of virtual work in the de-
formed configuration. The principle of virtual work can be directly deduced
from the axiom of force balance. Since the requirement of regularity of T% in the
integral equation is less than in the equations of equilibrium, the requirements
of smoothness of T is naturally just very mild, since it is only required that
all integrals make sense.

1.4 Equations in the reference configuration
1.4.1 Definition (Piola-Kirchhoff stress tensor)

The Piola transform of the Cauchy stress tensor T% is called first Piola-
Kirchhoff stress tensor.
With the first Piola-Kirchhoff stress tensor we get

divT = (det Vo(x))div?T? (z%), ¥ = p(x).

While the Cauchy stress tensor T¥ is symmetric the first Piola-Kirchhoff stress
tensor is not symmetric in general anymore. Instead one has:

T(z)! = Vo 'T(2)Ve(z)~T.

If one wants to define a symmetric tensor in the reference configuration, one
might define the second Piola-Kirchhoff stress tensor X(z):

T(x) = V() 'T(x) = (det Vo(z)) Vep(x) " T?(2¥) Ve(x) "
z? = ().

Further I will not look at the second Piola-Kirchhoff stress tensor.
Transforming the equations of equilibrium to the reference configuration lead
to the equations of equilibrium in the reference configuration

—div T(z) = f(z), x€Q
Ve(@)T(2)" = T(x)Ve()", z€Q
T(z)n = g(z), vy

with f dz = f¥ dz¥, g da = g¥ da® and the principle of virtual work in
the reference configuration

/T:Vdez/f~0dx+/ g0 da
Q Q I
Definition

An applied body force with density f : 2 — R3 in the reference configuration
s called conservative, if the integral

/Qf(z)-O(x) dxz/f(z,np(x))~9(a:) do

Q



that appears in the principle of virtual work in the reference configuration can
also be written as the Gdteaur derivative

F'()0 = [, f(z,0(x)) 0(z) dx

of a functional of the form
Fi{: Q=R = PW) = [ Flawle) do

. F:Q xR3 =R is then called the potential of the applied body force. In the
same way one calls a surface force with density g : T'1 — R3 conservative if the
integral

/F g(z) - 6(x) da = / &(z, V() - 0(x) da

Iy
can also be written as the Gateaux Derivative

G'()0 = [r, &(z, Vip(2)) - 6(2) da

of a Functional of the form
G:{th: Q=R = () = [ Gl pla). V(@) da

.G Ty xR3 x Mf’r — R is then called the potential of the applied surface
force.

1.5 Elastic material
1.5.1 Definition (elastic material)
A material is called elastic if there exists a mapping
TP : (z,F) € Q x M3 — TP (z,F) € S,

called the response function for the Cauchy stress, such that for any defor-
mation and any point in the deformed configuration the constitutive equation

T‘P(ZVJ) = TD(xa V@(x))a ¥ = QP(Z)

Here S3 denotes the set of all symmetric matrices of order 3 and D in the
exponent of T reminds us that the response function is defined in the deformed
configuration. By definition one has also the Piola transform of T given by

T = (det F)TP (2, F)F T

and we have

T(z) = T(z, Vo(z)), Vz € Q

called the response function for the first Piola-Kirchhoff stress.



1.5.2 Definition (homogeneous material)

A material in the reference configuration is called homogeneous, if its respnse
function is independent of the particular point x € Q) and the constitutive equa-
tion takes up the form

T¢(2%) = TP (Vp(2)), Vo = o(z) € QO

1.6 Hyperelastic material
1.6.1 Definition (hyperelastic material)

An elastic material with response function T:Q x Mi — M? is called hyper-
elastic if there exists a function

W:QXMi%R

differentiable with respect to the variable F € Mﬁ_ for each x € Q, such that

- A%

T(z,F) = a—F(x,F), Vo e Q,F e M3

. Then the function W is called the stored energy function.

1.6.2 Theorem (minimal property)

Let there be given a hyperelastic material subjected to conservative applied body
forves and conservative applied surface forces. Then the equations

—div%—?(m,V@(m)) = f(z,0(x)), ze€Q
(. Velehn = &(r Volw), €Ty

are formally equivalent to the equations
I'(p)0 =0,

for all smooth maps 6 : Q — R3 that vanish on To, where the functional I is
defined for smooth enough mappiongs 1 :  — R by

1) = [, Wz, Vip(x)) de — {F(s) + G(psi)}

In our case W was defined
W (F) = o|F||> + 8| CofF||? + §|| det F||> — § In(det F).

for given «, 3, and §.



2 Numerics

2.1 Finite element method with Newton algorithm

We want to solve the problem

/%V;(ws) Vo, d:c_/f 0; dz, V0, € Og

for @ = [0,5] x [0, 1] where ©g denotes the finite element subspace. We have
chosen 6;(z,y) piecewise linear in both koordinates (P') and a basis that has

the structure:
0 ori=1...m
0i(z;) =14 " d .
Oi—my; fori=m+1...n

Since these equations are nonlinear, we used a Newton algorithm for the ¢; in

ds(x,y) = >0 ¢ibi(z,y). Further we will write ¢s(z,y) = id(z,y) + us(z,y).
The Newton algorithm has the form:

{DG(¢>’“)A¢ =G(¢") ¢ = (k... gh)
¢k+1 _ ék N

with
<8W V(;S)) : VO, dx

(Vos) : Vb, dx—/f 0 dx

poh] - [
- /5

0
o
o |
oF
Starting point was uY =0, Vi=1...n. In detail [G(gk)] ~was:

/B:V@idz‘— f-0; dx
Q Q

with
5a22 dasi
2a11 (@ + B) + 2vage det A — 2a12 (a + ) — 2yag; det A +
det det A
b= say 5
a
2a21 (a4 5) ot A 2a99 (@ + B) + 2vaq1 det detlj4

A = V(ZSS (ZL’, y)

and [DG(Qk)]

ij

/ (c11 - Wit + c12 - Wia + co1 - Wag + cag - Wag) : VO, dz
Q

10



with

Wll

Waa

C

ow .

oF, i.e.

_ 2(a+ﬂ+7a§2)+(d(:gj)2 —vasiazs — m

I —2vaza12 — (?61522)22 2v(ar1age + det A) + 5W

- —2vyagasn — (55632’011(12)22 2(a+ B+ va3;) + ((;:%;1)2
27v(ag1a12 — det A) + 5W —vagan — m

Vej (ZL’, y)

dai2a22 ai2ao1 +det A ]
—2va9200] — ————= 2v(asia1a —det A) + 6 ———————
Ya22a21 (detA)Q 7( 21012 ) (detA)2
das daiiaz;
2a + B+ a3, + —2— Ao g — — L1721
( B+ yaiy) (detA)2 V021011 (detA)Q
aijase —det A daiia
2v(a11a09 +det A) + 6 ————— —2vas a1 — ———
ouaz ) (det A)? T et A)?
(5&11@12 5&112
—2vaipa11 — ——35 2a+ B +va3) + ———
Ya12a11 (detA)2 ( vaiy) (detA)2

To deal with the boundary conditions we added a penelization term £ 37, u; [, 6;-
0;, where w is the boundary I';.

2.2 Reduced basis approach

The basic idea is to precompute solutions and use those solutions as basis func-

tions in our finite elements solution subspace i.e. ©g = U, = span {u;, i =1...1},

where u; are the displacements of the solutions ¢g.
We end up solving

ow

/—(IdJrVur):Véur dx:/f~5ur dx, Yoéu, € U,
Q Q

oF

11



Within the Newton iteration one can precompute many values that are
needed and load them during running time from a file. This is not done in the
code, why running times are not representative. In the code we haven’t used
the supposed way to calculate basis functions. Instead we were using different
linear functions f for the RHS, i.e.

a1T + agy + as a; as as
x, = M =
f( y) (b1.13—|-b2y—|-b?,>7 ( by by b3
For the calculating the solutions we have set all the koordinates of M equal to
zero except one. So for the first six solution we were setting

100 010 001
M= (0 0 0>’M1_(0 0 0>’M3_<0 0 0)’

0 00 000 000
My = (8 0 0)’M5_<0 1 0)’Mﬁ_(o 0 1>

The value for by is different because giving the values a = 8 =~y =1, § = 5,
the Newton iteration doesn’t converge for by = 1. For the other solutions
we have decreased the koefficients in M. {a1,as,as,bs,bs} toke up the values
{1,0.8,0.6,0.4,0.2} and by the values {0.8,0.7,0.6,0.4,0.2}.

2.3 explaining the code:
2.3.1 FE.m

Variables

e Nodes - Saves the x and y coordinate of the nodes. So Nodes(:,i) =
( i yi flag )

ConnTable - Saves the connectivity table

EdgeTable - not used

e Phi - saves the values for the P*—basis, i.e. : Phi( _k i )
— N

);

triangle number of Node 1:a,2:b,3:c

where the basis function is defined 0;(x,y) =a-x+b-y +c.

u_init is the start for the Newton algorithm and is set as identity.

e Size W1 and Size W2 are setting the size of the penilization area w.

M is the MassMatrix appearing in the boundary term penilization
(F); = Jo f-0; dw, UZQk = (ph...0F)
A= DG(u), Wi = [ G (Vés) : V0;

12
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Functions
e readmesh() reads the mesh from 'mesh.msh’
e setPhi() calculates the Phi(k,i,j)
e intM() calculates M
e intF() calculates F
e assMat(alpha,beta,gamma,delta,u) calculates A and W at every Newton
step
2.3.2 assMat.m

assMat should be self-explaining. The values that are handed up are A and G.

2.3.3 calcPhi.m

calculates 6(X,Y’) where X and Y are matrices in such a way, that 6 needs to
be avaluated for all X;;,Y;;. The values that are passed to calcPhi are

e k - # of triangle
e i- # of the basisfunction (1,2 or 3, as it is saved in ConnTable)
e bool - a boolean number, that is needed to change between (M+gy+c) and
(az-by-+e)
2.3.4 intF.m

one thing, that should be mentioned is what triquad is doing:

handing over the coordinates of the triangle and number of evaluation points, tri-
quad hands back two matrices which contain the evaluation points and weights
W, W, which contain the weights.

2.3.5 intM.m

same thing as above (intF.m). Because one doesn’t want to calculate the whole
Mass Matrix, first it is checked if all triangle points are lying in the area w.
SizeW1 and SizeW2 are chosen in a way, that either the whole triangle lies in
w or the whole triangle lies outside.

2.3.6 write.m writeSol.m

these functions are used to save the solution data in a specific textfile

13



2.3.7 RB.m

this is the main function for the reduced basis method. It is very similar to
FE.m. Differences:

e the solution vectors need to be read, S=S(:,1:m) is used to reduce the
numbers of basis vectors

e in the Newton iteration: instead of calling assMat(), we call assMatRB(),
which is slightly different

e instead of calling intF(), we are calling intFSol(), since we now want to
calculate [, f - du, dx, You, € U,

Depending on the value for «, 3,7,d and f(x,y) we have different results:

14
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3.2 plots including reduced basis
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4 Error table

€=Urg — URp

—-0.8

f1(='137y) = —0.8 HeHQ

llelloo

I=6 9.04025

0.33289

=12 2.61462

0.12019

=18 1.5115

0.07257

=24 0.72561

0.02598

1=30 0.61432

0.02661
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R = (S0 O] el | el
1=6 7.23828 | 0.29562
=12 4.47455 | 0.18567
=18 3.52092 | 0.14728
1=24 2.22963 | 0.0936
1=30 1.29669 | 0.05495
0
R = (gt gy ) | lele | Tl
1=6 4.93955 | 0.17723
1=12 3.39434 | 0.1344
1=18 2.01984 | 0.08634
1=24 1.24071 | 0.05417
1=30 0.44359 | 0.01943
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